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Abstract. Let (V, W) be an exceptional spetsial irreducible re- 
flection group on a complex vector space V, i.e., a group G„ 
for n e {4, 6, 8, 14, 23, 24, 25, 26, 27, 28, 29, 30, 32, 33, 34, 35, 36, 37} 
in the Shephard-Todd notation. We describe how to determine 
some data associated to the corresponding (split) "spets", given 
pi f complete knowledge the same data for all proper subspetses (the 

method is thus inductive). 

The data determined here is the set Uch(G) of "unipotent char- 
acters" of G and the associated set of Frobenius eigenvalues, and its 
repartition into families. The determination of the Fourier matri- 
ces linking unipotent characters and "unipotent character sheaves" 
will be given in another paper. 

The approach works for all split reflection cosets for primitive 
irreducible reflection groups. The result is that all the above data 
exist and are unique (note that the cuspidal unipotent degrees are 
only determined up to sign). 

We keep track of the complete list of axioms used. In order 
to do that, we expose in detail some general axioms of "spetses", 
generalizing (and sometimes correcting) |Spetsl| along the way. 

Note that to make the induction work, we must consider a class 
of reflection cosets slightly more general than the split irreducibles 
ones: the reflection cosets with split semi-simple part, i.e., cosets 
{V,Wip) such that V ^ Vi ® V2 with W C GL{Vi) and <y9|y, = 
Id. We need also to consider some non-exceptional cosets, those 
associated to imprimitive complex reflection groups which appear 
as parabolic subgroups of the exceptional ones. 
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1. From Weyl groups to complex reflection groups 



Let G be a connected reductive algebraic group over an algebraic 
closure of a finite field Fg and F : G — )■ G an isogeny such that 
(where 5 is a natural integer) defines an Fg^-rational structure on G. 
The group of fixed points G := G^ is a finite group of Lie type, also 
called finite reductive group. Lusztig has given a classification of the 
irreducible complex characters of such groups. In particular he has 
constructed the important subset Un(G) of unipotent characters of G. 
In a certain sense, which is made precise by Lusztig's Jordan decompo- 
sition of characters, the unipotent characters of G and of various Levi 
subgroups of G determine all irreducible characters of G. 

The unipotent characters are constructed as constituents of repre- 
sentations of G on certain i-adic cohomology groups, on which also 
acts. Lusztig shows that for a given unipotent character 7 G Un(G), 
there exists a root of unity or a root of unity times the square root 
of q^, that we denote Fr(7), such that the eigenvalue of F^ on any 7- 
isotypic part of such £-adic cohomology groups is given by Fr(7) times 
an integral power of q^. 

The unipotent characters are naturally partitioned into so-called 
Harish- Chandra series, as follows. If L is an F-stable Levi subgroup 
of some F-stable parabolic subgroup P of G, then Harish- Chandra 
induction 

Rf := lnd$ o Inflf : Zlrr(L) — > Zlrr(G) 

where L := and P := defines a homomorphism of character 
groups independent of the choice of P. A unipotent character of G 
is called cuspidal if it does not occur in -R£(A) for any proper Levi 
subgroup L < G and any A G Un(L). The set of constituents 

Un(G, (L, A)) := {7 G Un(G) | (7, i?f (A)) ^ 0} 

where A G Un(L) is cuspidal, is called the Harish- Chandra series above 
(L, A). It can be shown that the Harish-Chandra series form a partition 
of Un(G), if {L,X) runs over a system of representatives of the G- 
conjugacy classes of such pairs. Thus, given 7 G Un(G) there is a 
unique pair (L, A) up to conjugation such that L is a Levi subgroup 
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of G, A G Un(L) is cuspidal and 7 occurs as a constituent in _R^(A). 
Furthermore, if 7 G Un(G, {L, A)) then Fr(7) = Fr(A). 

Now let Wg{L, A) := A^g(L, A)/L, the relative Weyl group of (L, A). 
This is always a finite Coxeter group. Then EndcciRlW) 
Iwahori-Hecke algebra T-LiWciL, A)) for Wg{L, A) for a suitable choice 
of parameters. This gives a natural parametrization of Un(G, [L, A)) by 
characters of'H{WG{L, A)), and thus, after a choice of a suitable special- 
ization for the corresponding generic Hecke algebra, a parametrization 

lrr{WG{L,\))^UniG,{L,X)), x^Jx, 

of the Harish- Chandra series above (L, A) by Ity{Wg{L, A)). In partic- 
ular, the characters in the principal series Un(G', (T, 1)), where T de- 
notes a maximally split torus, are indexed by Itt{W^), the irreducible 
characters of the F-fixed points of the Weyl group W. 

More generally, if ci > 1 is an integer and if T is an F-stable subtorus 
of G such that 

• T splits completely over F^d 

• but no subtorus of T splits over any smaller field, 

then its centralizer L := Cg(T) is an F-stable d-split Levi subgroup 
(not necessarily lying in an F-stable parabolic subgroup). We assume 
here and in the rest of the introduction that F is a Frobenius endo- 
morphism to simplify the exposition; for the "very twisted" Ree and 
Suzuki groups one has to replace d by a cyclotomic polynomial over an 
extension of the rationals as is done in I2.48[ 

Here, again using £-adic cohomology of suitable varieties Lusztig in- 
duction defines a linear map 

■ Zlrr(L) — > Zlrr(G') , 

where again L := L-^. As before we say that 7 G Un(G) is d-cuspidal if 
it does not occur in -Rf (A) for any proper (i-split Levi subgroup L < G 
and any A G Un(L), and we write Un(G, (L, A)) for the set of con- 
stituents of (A), when A G Un(L) is d-cuspidal. By [BrMaMii 3.2(1)] 
these d-Harish- Chandra series, for any fixed d, again form a partition 
of Un(G'). The relative Weyl groups Wg{L, A) := Ng(L, X)/L are now 
in general complex reflection groups. It is shown (see |BrMaMl] 3.2(2)]) 
that again there exists a parametrization of \Jn{G, (L, A)) by the irre- 
ducible characters of some cyclotomic Hecke algebra H(Wg(-^, A)) of 
Wg{L, A) and hence, after a choice of a suitable specialization for the 
corresponding generic Hecke algebra, a parametrization 

Irr(W^G(i^,A))^Un(G,(L,A)), x ^ 7x , 

of the d-Harish- Chandra series above (L, A) by Itt{Wg{L, A)). Further- 
more, there exist signs such that the degrees of characters belonging 
to \Jn{G, (L, A)) are given by 

7x(l) = exA(l)/^,, 
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where denotes the Schur element of x with respect to the canonical 
trace form on T-LiWciL, A)) (see |Ma4t §7] for references). 

Attached to (G, F) is the set Ucsh(G) of characteristic functions of 
F-stable unipotent character sheaves of G. Lusztig showed that these 
are linearly independent and span the same subspace of Clrr(G) as 
Un{G). The base change matrix S from Un(G) to Ucsh(G) is called 
the Fourier matrix of G. Define an equivalence relation on Un(G') as 
the transitive closure of the following relation: 

7 ~ 7' there exists A G Ucsh(G') with (7, A) ^ ^ (7, A) . 

The equivalence classes of this relation partition Un(G') (and also Ucsh(G)) 
into so-called families. Lusztig shows that the intersection of any fam- 
ily with the principal series Un(G, (T, 1)), is a two-sided cell in Irr(iy^) 
(after identification of Irr(l^^) with the principal series \Jn{G, (T, 1)) 
as above). 

All of the above data are generic in the following sense. Let G 
denote the complete root datum of (G,F), that is, the root datum of 
G together with the action of q~^F on it. Then there is a set Uch(G), 
together with maps 

Deg : Uch(G) — > Q[x] , 7 ^ Deg(7) , 

A : Uch(G) ^ [x^/^] , 7 ^ Fr(7) , 

such that for all groups (G', F') with the same complete root datum G 
(where F'^ defines a Fg,5-rational structure) there are bijections ipc' '■ 
Uch(G) — > Un(G'^') satisfying 

7/>G'(7)(l) = Deg(7)(g') and Fr(^G'(7)) = Fr(7)(g'') . 

Furthermore, by results of Lusztig and Shoji, Lusztig induction 
of unipotent characters is generic, that is, for any complete Levi root 
subdatum L of G with corresponding Levi subgroup L of G there is a 
linear map 

R^ : ZUch(L) — > ZUch(G) 

satisfying 

R1o4jl = ^Pgo R^ 

(see [BrMaMii 1.33]). 

The following has been observed on the data: for W irreducible and 
any scalar ^ G Z[W) there is a permutation with signs of Uch(G) 
such that 

Deg(E5(7))(x) = Deg(7)(rM. 
We call this the Ennola-transform, by analogy with what Ennola first 
observed on the relation between characters of general linear and uni- 
tary groups. In the case considered here, Z{W) has order at most 2. 
Such a permutation E^ turns out to be of order the square of the order 
of ^ if is of type E-j or E^, and of the same order as ^ otherwise. 
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Thus, to any pair consisting of a finite Weyl group W and the auto- 
morphism induced by F on its reflection representation, is associated 
a complete root datum G, and to this is associated a set Uch(G) with 
maps Deg, Fr, G Z{W)) and linear maps for any Levi subda- 

tum L satisfying a long list of properties. 

Our aim is to try and treat a complex reflection group as a Weyl 
group of some yet unknown object. Given W a finite subgroup gen- 
erated by (pseudo)-reflections of a finite dimensional complex vector 
space V, and a finite order automorphism of V which normalizes 
W, we first define the corresponding reflection coset by G := (V", Wip). 
Then we try to build "unipotent characters" of G, or at least to build 
their degrees (polynomials in x), Frobenius eigenvalues (roots of unity 
times a power (modulo 1) of x); in a coming paper we shall build their 
Fourier matrices. 

Lusztig (see |Lu3j and |Lu4j ) knew already a solution for Coxeter 
groups which are not Weyl groups, except the Fourier matrix for H4 
which was determined by Malle in 1994 (see |MaOj ) . 

Malle gave a solution for imprimitive spetsial complex reflection 
groups in 1995 (see |Mal] ) and proposed (unpublished) data for many 
primitive spetsial groups. 

Stating now a long series of precise axioms — many of a technical 
nature — we can now show that there is a unique solution for all 
primitive spetsial complex reflection groups, i.e., groups G„ for n G 
{4, 6, 8, 14, 23, 24, 25, 26, 27, 28, 29, 30, 32, 33, 34, 35, 36, 37} in the Shep- 
hard-Todd notation, and the symmetric groups. 

Let us introduce our basic objects and some notation. 

• A complex vector space V of dimension r, a finite reflection 
subgroup W of GL(V^), a finite order element ip G Nq^v)(W). 

• ^(VT) := the reflecting hyperplanes arrangement of W, and for 
H G A{W), 

— Wh '■= the fixator of H in W, a cychc group of order ch, 

— in '■= an eigenvector for reflections fixing H . 

• := |^(Vr)| the number of reflecting hyperplanes. 
The action of NQi^iy^iW) on the monomial of degree A''^'' 

n ^neSV 
HaAiW) 

defines a linear character of NQi^(y){W), which coincides with defy on 
restriction to W , hence (by quotient with defy) defines a character 

e : A^GL(y)(W^) Nouv){W)/W ^ C>< . 

We set 

G = {V, Wip) 
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and we define the "polynomial order" of G by the formula 

|G| := {-iye{ip)x''w'' 1 e C[x] 

_L V = 

\W\ ^^^^ dety(l - wifix)* 

(where z* denotes the complex conjugate of the complex number z). 

Notice that when is a true Weyl group and 93 is a graph automor- 
phism, then the polynomial |G| is the order polynomial discovered by 
Steinberg for the corresponding family of finite reductive groups. 

A particular case. 

Let us quickly state our results for the cyclic group of order 3, the 
smallest complex reflection group which is not a Coxctcr group. 

For the purposes of that short exposition, we give some ad hoc defi- 
nitions of the main notions (Hecke algebras, Schur elements, unipotent 
characters, ^-series, etc.) which will be given in a more general and 
more systematic context in the paper below. 

Let C exp(^). We have 

y C , := (C) , ¥^ := 1 , G := (C, W) , TV^yp ^ 1 , 
|G| ^x(x^-l). 



Generic Hecke algebra 'H{W^ (a, h. c)) 

For indeterminates a,b,c, we define an algebra over Z[a^^, 6^^, c^^] 

by 

'H{W,{a,b,c)) := (s I (s-a)(s-6)(s-c) = 0). 

The algebra H{W, (a, 6, c)) has three hnear characters Xc defined 

by Xt(s) = t for t e {a,b,c}. 

Canonical trace 

The algebra HiW, (a, b, c)) is endowed with the symmetrizing form 
defined by 

J2 a'^b^c"' forn>0. 



r(s") := <^ 



CK,/3,7>0 
Q; + /3 + 7 — n 



J2 o!^b^c^ forn<0. 



^ a+P+i=n 



Schur elements of 'H{W, (a, b, c)) 

We define three elements of Z[a^^, 6=*=^, c"^^] which we call Schur ele- 
ments by 

c _ {b-a){c-a) e _ ic-b){a-b) (a - c){b - c) 



be 



ca 



ab 
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SO that 

Xa , Xb , Xc 
T — 1 1 . 

Sa Si, Sc 

Spetsial Hecke algebra for the principal series 

This is the speciahzation of the generic Hecke algebra defined by 

H{W,{x,C,C)) :=(s I (s-x)(l + s+s2) = 0). 

Note that the speciahzation to the group algebra factorizes through 
this. 

Unipotent characters 

There are 4 unipotent characters of G, denoted po, P(, p'^, p. Their 
degrees and Frobenius eigenvalues, are given by the following table: 



7 


Deg(7) 


Fr(7) 


Po 


1 




1 




1 . 






PC 




1 




1 , 


C) 




Pi 




1 


P 


C . 


-1) 





We set Uch(G) := {po, p^, p*^, p} . 
Families 

Uch(G) splits into two families: {po} , {PCyPl^P} ■ 
Principal ^-series for ^ taking values 1, C) 

(1) We define the principal ^-series by 

Uch(G,0 := {7 I Deg(7)(0 7^0}, 
and we say that a character 7 is {-cuspidal if 

(2) Uch(G) = Uch(G,0 U {7J where 7^ is {-cuspidal. 

(3) Let niW,^) := HiyV, ({"^a;,C,C^)) be the specialization of the 
generic Hecke algebra at a = {~^a; , 6 = ^ , c = C^. There is a 
natural bijection 

Irr(?^(W^,e)) ^Uch(G,0 , Xt^lt iort = a,b,c 
such that: 



SPLIT SPETSES FOR PRIMITIVE REFLECTION GROUPS 



9 



(a) We have 



Deg(7t)(x) = ± 



-1\ 1 



1 - ^x) St{x) 



where St{x) denotes the corresponding speciahzed Schur 
element. 

(b) The intersections of the famihes with the set Uch(G, ^) 
correspond to the Rouquier blocks oiH{W,^). 

Fourier matrix 

The Fourier matrix for the 3-element family is 
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2. Reflection groups, braid groups, Hecke algebras 

The following notation will be in force throughout the paper. 

We denote by N the set of nonnegative integers. 

We denote by /x the group of all roots of unity in C^. For n > 1, 
we denote by //^ the subgroup of n-th roots of unity, and we set (n '■ = 
exp{2ni/n) E 

If ii' is a number field, a subfield of C, we denote by the ring 
of algebraic integers of K. We denote by ii{K) the group of roots of 
unity in K, and we set rriK '■= \^J.{K)\. We denote by K the algebraic 
closure of K in C. 

We denote hj z z* the complex conjugation on C. For a Laurent 
polynomial P{x) G C[x,x~^], we set P{xY := P{l/x)* . 

2.1. Complex reflection groups and reflection cosets. 

2.1.1. Some notation. 

Let V he a. finite dimensional complex vector space, and let W be 
a finite subgroup of GL(\^) generated by reflections (a finite complex 
reflection group). 

We denote by ^(ly) (or simply by A when there is no ambiguity) 
the set of reflecting hyperplanes of reflections in W . li H E A{W), we 
denote by ch the order of the fixator Wh of H in W , a cyclic group 
consisting of 1 and all reflections around H . Finally, we call distin- 
guished reflection around H the reflection with reflecting hyperplane 
H and non trivial eigenvalue exp(27r2/e//). 

An element of V is called regular if it belongs to none of the reflecting 
hyperplanes. We denote by V^''*^^ the set of regular elements, that is 

^reg _ |J ^ 

H&A{W) 

We set 

N'^^ ■.= \{w eW \ w is a reflection}! and N^^ := \A{W)\ 
so that N'^^ = Y.HeA{w)i.^H - 1) and iVjjP = Y^HaAiw) ^ ■ We set 
(2.1) ew:= ch = N'^' + N^'' , so thaX ch = ew„ . 

H(iA{W) 

The parabolic subgroups of W are by definition the fixators of sub- 
spaces of V: for / C V^, we denote by Wi the fixator of / in W . Then 
the map 

is an order reversing bijection from the set of intersections of elements 
of ^(ly) to the set of parabolic subgroups of W . 



SPLIT SPETSES FOR PRIMITIVE REFLECTION GROUPS 



11 



2.1.2. Some linear characters. 

Let be a reflection group on V . Let 5*^ be the symmetric algebra 
of V , and let SV^ be the subalgebra of elements fixed by W . 

For H G ^(VT), let us denote by ju G an eigenvector for the group 
Wh which does not lie in H, and let us set 

jw-= n Jii^s"^^ 

H(^A{W) 

an element of the symmetric algebra of V well defined up to multipli- 
cation by a nonzero scalar, homogeneous of degree . 

For w e VF, we have (see e.g. |Bro2l 4.3.2]) w.Jw = detv{w)Jw and 
more generally, there is a linear character on NQ^y^{W) extending 

detv\w and denoted by dety , defined as follows: 

~ (W) 

u.Jw = dety {i')Jw for all z/ G Ai'GL(v')(W^) • 



~(W) 

Remark 2.2. The character dety is in general different from dety, as 
can easily be seen by considering its values on the center of GL(l^). 
But by what we said above it coincides with dety on restriction to W . 
It induces a linear character 

det'y :iVGL(y)W/iy^C^ 

defined as follows: for^ G iVGL(y)(Vr)/iy with preimage ^9 G NQi^(y){W), 
we set 

dety(v9) := dety (v9)dety(v?)* . 



Similarly, the element (of degree N^) of SV defined by 

~(w)y 

defines a linear character dety on NQi^(y){W), which coincides with 
dety^ on restriction to W , hence a character 

det'y"^ : Nouv){W)/W , dety (<^)detv(y.) . 

The discriminant, element of degree + of SV^ defined by 
DiscH/ := JwJw= n ' 

defines a character 

AvK := det'ydety"" : NGi^iy){W)/W . 



12 



MICHEL BROUE, GUNTER MALLE, JEAN MICHEL 



Let if) G A''GL(y)(W^) be an element of finite order. Let C be a root 
of unity. We recall (see [Sp] or |BrMij ) that an element w^p G W^p 



is called (^-regular if there exists an eigenvector for wip in V^''''^ with 
eigenvalue (. 

Lemma 2.3. Assume that wip is (-regular. Then 

(1) d^C\wip) = C""^' and d^C^\wip) = C""^'. 

(2) det'y(^) = detv (wip)-^ and det^^^l^) = C^^'detv{wip) . 



(3) Awm=C'^- 
Proof. 

Let V* be the dual of V. We denote by (■, ■) the natural pairing 
V* X V K, which extends naturally to a pairing V* x SV — )■ K 
"evaluation of functions on V*" . 

We denote by V*^"^^ the set of elements of V* fixed by none of the 
reflections of W (acting on the right by transposition): this is the set 
of regular elements of V* for the complex reflection group W acting 
through the contragredient representation. 

Let a G V*^'^^ be such that aw(p = (a . Since a is regular, we have 
{a, Jw) 7^ . But 

{{awip, Jw) = ('^'^"{a, Jw) 
~ (W) 
{a, wip{Jw)) = dety (wip) {a, Jw) 

which shows that det^ \w(p) = ('^w'^ . A similar proof using shows 

that dety {w(p) = . Assertions (2) and (3) are then immediate. 

□ 

Remark 2.4. As a consequence of the preceding lemma, we see that if 
w E W is a. ^-regular element, then 

dety(w) = C^^"' , detviw)-^ = C^^' and thus C'"' = 1 • 
2.1.3. Field of definition. 

The following theorem has been proved through by case anal- 

ysis |Ben] (see also |Besl] ). 

Theorem 2.5. 

Let W be a finite reflection group on V . Then the field 

Qw := Q{tTv{w) \ weW) 

is a splitting field for all complex representations ofW. 

The ring of integers of Qw will be denoted by T^w ■ If -Z^ is any number 
field, we set 

Lw ■■= L((try(w;))^giy) , 
the composite of L with Qw- 
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2.1.4. Reflection cosets. 

Following |Spetsl| , we set the following definition. 

Definition 2.6. A reflection coset on a characteristic zero field K is 
a pair G = (V, Wip) where 

• V is a finite dimensional K -vector space, 

• W is a finite subgroup of GhiV) generated by reflections, 

• if is an element of finite order of NQi^(y){W). 

We then denote by 

• Tp the image of ip in NQi^(y){W) /W ^ so that the reflection coset 
may also be written G = (V,VF,^), and we denote by 6q the 
order of ^, 

• Ad{ip) the automorphism of W defined by ; it is the image of 

^ in NGLiV){W)/CGLiV){W), 

• Out (9?) (or Out(^)) the image of ip in the outer automorphism 
group of W, i.e., the image of ip in NGh{v)iW) /WCGh{v)(}V) 
(note that Out{ip) is an image of both ^ and Ad(v?)). 

The reflection coset G = (V, W,'ip) is said to be split if ^ = 1 {i.e., 
if 5g = 1). 

Definition 2.7. 

(1) If K = Q (so that W is a Weyl group), we say that G is ratio- 
nal. 

A "generic finite reductive group" {X, R,Y, B)^ ,Wip) as de- 
fined in |BrMaMi] defines a rational reflection coset G = (Q®z 
Y, W(p) . We then say that {X, R, Y, R^ , Wip) is associated with 
G. 

(2) There are also very twisted rational reflection cosets G defined 
over K = Q{V2) (resp. K = Q{y/3)) by very twisted generic fi- 
nite reductive groups associated with systems ^-82 and '^F4^ (resp. 
"^02). Again, such very twisted generic finite reductive groups 
are said to be associated with G. Note that, despite of the nota- 
tion, very twisted rational reflection cosets are not defined over 

: W is rational on Q but not Wip. 

(3) If K gM. (so that W is a Coxeter group), we say that G is real. 

For details about what follows, the reader may refer to |BrMalj and 
[BrMaMij . 

• In the case where G is rational, given a prime power q, any 
choice of an associated generic finite reductive group determines 
a connected reductive algebraic group G defined over Fg and 
endowed with a Frobenius endomorphism F defined by ip {i.e., 
F acts as qip on X{T) where T is an F-stable maximal torus 
of G). Such groups are called the reductive groups associated 
with G. 
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• In the case where K = Q{y/2) (resp. K = Q(V3)), Efiven 
G very twisted rational and q an odd power of a/2 (resp. an 
odd power of y/S), any choice of an associated very twisted 
generic finite reductive group determines a connected reductive 
algebraic group G defined over ¥g2 and endowed with an isogeny 
acting as qip on X(T). Again, this group is called a reductive 
group associated with G. 

Theorem [23] has been generalized in |Ma5l Thm 2.16] to the following 
result. 

Theorem 2.8. 

Let G = (V, Wif) be a reflection coset. Let 

Qg := Q(try(w(^) \weW) 

be the character field of the subgroup {Wip) of GL{V) generated by 
Wip. Then every ip-stable complex irreducible character of W has an 
extension to (Wip) afforded by a representation defined over Q^. 

2.1.5. Generalized invariant degrees. 

In what follows, K denotes a number field which is stable under 
complex conjugation, and G = (V, Wip) is a reflection coset over K. 
Let r denote the dimension of V . 

One defines the family (((ii, Ci), ((^2, C2), • • • , (c^r, Cr)) of generalized 
invariant degrees of G (see for example |Bro2l 4.2.2]): there exists 
a family (/i, /2, . . . , /r) of r homogeneous algebraically independent 
elements of SV'^ and a family ((^1, (^2; • • • , Cr) of elements of /x such 
that 

• for i = 1, 2, . . . , r, we have deg(/i) = di and ip.fi = Cifi- 

Remark 2.9. Let Discvy = Xlm'^m/™ be the expression of Discvy as 
a polynomial in the fundamental invariants fi, . . . , fr, where the sum 
runs over the monomials = /["^ ■ ■ ■ f^'' . Then for every m with 

7^ we have Avk(^) = C " " " C^- 
In the particular case where w & W is (^-regular and the order of ( 
is one of the invariant degrees di, we recover [?^ 2) by using the result 
of Bessis |Bes3[ 1.6] that in that case f^^^'^^ is one of the monomials 
occurring in Disc^i^. 

The character det'^. : Ng^v){W)/W K"" (see [2X2] above) defines 
the root of unity 

detc := dety(^) . 

Similarly, the character dety^ attached to J^^ (see 12. 1.2"]) defines a root 
of unity det^ := dety^(^) attached to G. 
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The character defined by the discriminant of W defines in turn 
a root of unity by 

Ag := detc-detg = Ai4/(^) . 

The following lemma collects a number of conditions under which = 
1. 

Lemma 2.10. 

We have A^ = 1 if (at least) one of the following conditions is 
satisfied. 

(1) // the reflection coset G is split. Moreover in that case we have 
detc = det^ = 1 . 

(2) // Wif contains a 1-regular element. 

(3) //G IS real (i.e., ifKcR). 

Proof. 

(1) is trivial. 

(2) We have Ac = Aw{v) = ^"'^ = 1 by Lemma ^2). 

(3) Consider the element Jy[/ = Y[h€A(w) introduced above. Since 
(p G NQi^(y){W), if acts on ^(IV), hence .Jw is an eigenvector of ip. If 
Lf has finite order, the corresponding eigenvalue is an element of fi{K), 
hence is ±1 if is real. 

Moreover, all refiections in W are "true refiections" , that is e// = 2 
for all H G ^(VT). It follows that DiscvK = and so that Disciy is 
fixed hj (p. □ 



2.2. Uniform class functions on a reflection coset. 

The next paragraph is extracted from [SpetslJ . It is reproduced for 
the convenience of the reader since it fixes conventions and notation. 

2.2. L Generalities, induction and restriction. 
Let G = (V, Wip) be a refiection coset over K. 

We denote by CFuf(G) the Z/^-module of all W^- invariant functions 
on the coset Wip (for the natural action of W on W(p by conjuga- 
tion) with values in Zk, called uniform class functions on G. For 
a G CFuf(G), we denote by a* its complex conjugate. 

For a, a' G CF^f (G), we set (a, a')^ := T,wew aiw(p)a'{w(p)* . 
Notation 

• If Zk — )■ O is a ring morphism, we denote by CFuf (G, O) the O- 
module of W^-invariant functions on Wip with values in O, which we 
call the module of uniform class functions on G with values in O. We 
have CF,f(G, O) = O ^z,, CF,f(G). 

• For w(p G W(p, we denote by ch^^ (or simply ch^^,^) the character- 
istic function of the orbit of w(p under W. The family (chj^^) (where 
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w^p runs over a complete set of representatives of the orbits of W on 
W^p) is a basis of CFuf(G). 
• For Wip G Wip, we set 

Rw^ ■= \Cw{wip)\chl^ 

(or simply R^^). 



Remark 2.11. 

In the case of reductive groups, we may choose K = Q. For (G,F) asso- 
ciated to G, let Uch(G^) be the set of unipotent characters of G^: then the 
map which associates to E!^^ the Deligne-Lusztig character (Id) de- 

fines an isometric embedding (for the scalar products {a, a')^ and {a, a')f^F) 
from CFuf (G) onto the Z-submodule of QUch(G^) consisting of the Q-linear 
combinations of Deligne-Lusztig characters (i.e., "unipotent uniform func- 
tions") having integral scalar product with all Deligne-Lusztig characters. 



• Let (Wip) be the subgroup of GL{V) generated by Wip. We recall 
that we denote by ^ the image of ip in (Wip) /W — thus (Wip) /W is 
cyclic and generated by Tp. 

For ip G h:i{(W ip)) , we denote by R^ (or simply R^) the restriction 

of Ip to the coset Wip. We have R^ = J2wew'^('^'^)R'w<py 'we 

call such a function an almost character of G. 

Let Irr(14^)'^ denote the set of ^-stable irreducible characters of W. 
For 9 G Irr(l^)'^, we denote by E(s{9) (or simply E{9)) the set of 
restrictions to Wip of the extensions of 9 to characters of (Wip). 

The next result is well-known (see e.g. |DiMilt §11. 2. c]), and easy to 
prove. 

Proposition 2.12. 

(1) Each element a of Eg,{9) has norm 1 (i.e., {a,a)^ = 

(2) the sets Eq,{9) for 9 G Irr(iy)'^ are mutually orthogonal, 

(3) CF,f(G,i^') = @^^^^^^^^^KEg{9), where we set KE^ ■= 
KR^ for some (any) ip G E(s{9). 



Induction and restriction 



Let L = (V, W]iWip) be a subcoset of maximal rank of G (Spetsl 
§3. A], and let a G CFuf(G) and (3 G CFuf(L). We denote 

• by ResL^ the restriction of a to the coset Wi_wip, 

• by Ind^/S the uniform class function on G defined by 

(2.13) IndJ:/3(u(^) := V ~P(uu^v-^) for G W^, 
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where (3{x(p) = (3{x(p) if x G Wi,w, and (3{x(p) = if x ^ Wi^w . In 
other words, we have 

(2.14) IndI:/3(M= Yl 

v&W/Wi^,^{uLp)(^Wi^wtp 

We denote by 1*^ the constant function on Wip with value 1. For 
w G W, let us denote by T^<^ the maximal torus of G defined by 
^w<fi '■= (y, Wip). It follows from the definitions that 

(2.15) R^^ = Ind^^^l"-- . 

For a G CFuf(G), /3 G CFuf(L) we have the Frobenius reciprocity: 

(2.16) (a,Ind{:/3)^ = (ResJ:«,/3)L. 

Remark 2.17. 

In the case of reductive groups, assume that L is a Levi subcoset of G at- 
tached to the Levi subgroup L. Then Ind^ corresponds to Lusztig induction 
from L to G (this results from definition 12.131 appUed to a Deligne-Lusztig 
character which, using the transitivity of Lusztig induction, agrees with 
Lusztig induction). Similarly, the Lusztig restriction of a uniform function 
is uniform by [DeLu[ Thm.7], so by (|2.16p ReSL corresponds to Lusztig 
restriction. 

For further details, like a Mackey formula for induction and restric- 
tion, the reader may refer to |Spetsl| . 

We shall now introduce notions which extend or sometimes differ 
from those introduced in |Spetsl| : here we introduce two polynomial 
orders and |G*^| which both differ slightly (for certain twisted re- 
flection cosets) from the definition of polynomial order given in [SpetsT] . 



2.2.2. Order and Poincare polynomial. 
Poincare polynomial 

We recall that we denote by 5*^ the symmetric algebra of V and by 
SV^ the subalgebra of fixed points under W. 

The group Ngi^(^v)(W) /W acts on the graded vector space SV^ = 
^'^^qSV^. For any Tp G NQ^yj{W) /W , define its graded character 
by 

oo 

grchar(^; SV^) := 5]]tr(^; SV^)x'' G Zk[[x]] . 

n=0 



Let G = (y, W, Tp) with dim V = r. 
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Let US denote by {{di, ^i), . . . , {dr, (r)) the family of generalized in- 
variant degrees (see I2.1.5] above). We have (see e.g. |BrMaMi] 3.5]) 

1 1 



grchar((/?; SV^) = ^ 



The Poincare polynomial Pg{x) G 1jk[x] of G is defined by 
Pv.(x) ^ ^ 



grchar(^; SV^) J_ 1 
(2 18) IW]^""^^ detvil-wipx) 

i=r 
i=l 

The Poincare polynomial is semi-palindromic (see [Spetsl §6.B]), that 



IS, 

(2.19) Pg(1/x) = (-l)^CiC2 ■ ■ ■ (rX-^^'^'^^^PM* ■ 

Graded regular representation 

Let us denote by SV^ the maximal graded ideal of SV^ (generated 
by /i, /2, • • • , /r)- We call the finite dimensional graded vector space 

KW^' := SV/SV]^SV 

the graded regular representation. 

This has the following properties (cf. e.g. |Bout chap. V, §5, th. 2]). 

Proposition 2.20. 

(1) KW^^ has a natural NQ^y^(W)- action, and we have an iso- 
morphism of graded KNqi^(^y){W) -modules 

SV ~ KW^' ®K SV^ . 

(2) As a KW -module, forgetting the graduation, KW^^ is isomor- 
phic to the regular representation ofW. 

(3) Denoting by KW^""^ the subspace of KW^^ generated by the el- 
ements of degree n, we have 

(a) KW^' = 0;jo KW^""^ , 

(b) the dety-isotypic component of KW^^ is the one-dimensio- 
nal subspace of KlV'^^v^^^ generated by Jw, 

(c) KW^^"^ is the one- dimensional subspace generated by 
and is the dety-isotypic component of KW^^ . 



V 

w 



Fake degrees of uniform functions 

• We denote by tr/^iygr e CFuf(G, Z/^[x]) the uniform class function 
on G (with values in the polynomial ring Zk [x] ) defined by the charac- 
ter of the graded regular representation KW^'^. Thus the value of the 
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function tr^vKs'' on Wip is 



iwref 



n=0 

We call tiKws': the graded regular character. 

• We define the fake degree, a linear function FegQ : CFuf(G) — )• 
follows: for a G CFuf(G), we set 

(2.21) 



lyrcf 



FegG(«):=(«,trw..)^ =^ -L5^a(^y,)tr(«;^;iriy("))* . 

n=0 V '»«Giy / 

We shall often omit the subscript G (writing then Feg(a)) when the 
context allows it. Notice that 

(2.22) Feg{R^^)=trKwAwvr, 
and so in particular that 

(2.23) Feg{Rl^)eZK[x]. 

Lemma 2.24. 

We have 



Proof of 2. 



It is an immediate consequence of the definition of R'^^ and of 02.221) . 

□ 

Fake degrees of almost characters 

Let £■ be a i^'(IV9?)-module. Its character ^ is a class function on 
(Wip). Its restriction Rq to Wcp is a uniform class function on G. Then 
the fake degree of Rq is : 

(2.25) Feg^iRe) = tr(<^ ; llomKw{KW^\ E)). 
Notice that 

(2.26) Feg^{Re) G Z[exp 2i'k/5g][x\ 

(we recall that da is the order of the twist ^ of G). 
The polynomial Fegi^i^Ro) is called fake degree of 6. 

Let 9 G Irr(Vr)'''. Whenever %p G \ii{(yV ip)) is an extension of 9 
to {Wip), then Reg® := Feg^^^R^)* ■ R^ depends only on 9 and is the 
orthogonal projection of tr^vKs"^ onto K[x\E:q{9) , so that in other words, 
we have 

(2.27) trw.^= ^ Reg^ 
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Polynomial order and fake degrees 

From the isomorphism SV = KW^^ ®k {SV)^ of (iy<^)-modules 
(see I2.20p we deduce ioi w & W that 

ii{w^; SV) = tiiwip; KW^')tT{wip; SV^) , 

hence 

tiiwy^; SV) = tT{w^; KW')-^ V . 

Computing the scalar product with a class function a on W(p gives 
(2.28) 

1 \ ^ a{wip) r \ ^ \ ^ 1 

Wl ^ detvil - xwf)* ^ ^^^^^'Wl ^ detv(l-xw<^)*' 

or, in other words 

(2.29) (a, tTsv)G = {a, trwg,-)g(l^, tr5V')G- 
Let us set 

(2.30) SGia) := (a,tr5y)g. 
Then 02.291) becomes 

(2.31) 5G(a)=FegG(a)5G(l^). 

By definition of the Poincare polynomial we have S'g(1'^) = 1/Pg{x)*, 
hence 

(2.32) SM ^"'""^"^ 



PvJx) 



For a subcoset L = (V, Wi^wip) of maximal rank of G, by the Frobe- 
nius reciprocity fl2.16p we have 

(2.33) 



ly-ref 



Feg^(Ind{:i^) = (l^Res^:trw.^)L = J2^t{w^; {KW^' 



n=0 



where (i^W'("))^i- are the PVL-invariants in KW^'^l 

Let us recall that every element w(f G W(f defines a maximal torus 
(a minimal Levi subcoset) T„,<^ := {V,wip) of G. 



Lemma 2.34. 

(1) We have 

Fege(Ind;:i 



Pdxy 

(2) Pi^{x) divides Pg{x) {in Zk[x] ), 
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(3) for wip G Wip, we have 



Proof of 2.34 



(1) By (^M), we have Feg(Ind;:i^) = S'G(Ind;:i^)PG(a;)* • By Frobe- 
nius reciprocity, for any class function a on L we have 

S'G(IndLa) = (IndLa,tr5y)g = (a, ResLtrsy)^ = Si^{a) , 
and so 5G(Ind{:i^) = ^ 



(2) is an immediate consequence of (1). 

(3) follows from (1) and from formulae f l2.15p and (12.221) . □ 

Let us now consider a Levi subcoset L = {V,Wi^wip). Bv I2.34[ for 

vwif G W]LWip, we have 

and by [2311 (1) 

(2.35) Res^tiKw^r = Feg(IndJ:i^)*tr^^g. . 

Lemma 2.36. 

For f3 G CFuf(L) we have 

FegG(Ind^/3) = ^^|^FegJ/3). 

Indeed, by Frobenius reciprocity, (I2.35p . and Lemma [2.341 
FegG(IndL/3) = (IndL/3, tr^^ygr)^ = {/S^Res^tiKw^r)^ 

= FegG(IndJ:i^)(/3,tr^H^.O^ = FegG(IndJ:i^)FegJ/3) 
Pg{x) 



Pl{x)* 



FegJ/?) . 



Remark 2.37. 

In the case of reductive groups, it follows from ()2.22p and ()2.34l (3)) that 
Feg(i?^;^)(g) is the degree of the Deligne-Lusztig character R^^^- Since the 

regular representation of G'^ is uniform, it follows that tiKW^s corresponds 
to a (graded by x) version of the unipotent part of the regular representation 
of G'^, and that Feg corresponds indeed to the (generic) degree for unipotent 
uniform functions on G^. 

Changing x to 1/x 

As a particular uniform class function on G, we can consider the 
function defy restricted to Wip, which we still denote by dety. Notice 
that this restriction might also be denoted by -Rjetv' since it is the 
almost character associated to the character of (Wip) defined by dety. 
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Lemma 2.38. 

Let a be a uniform class function on G. We have 

SG{adet*y){x) = i-iyx-'-SG{a*){l/xr . 

Proof. 



Since 6*0(0) = j—^ Y.w&w 1zr~M nh. ' ^^^^ 



1 a{w(p) 
\W\ ^""^^ detv (l - xwip)* 

\W\ ^ detyfl - xwos) 



1 a{wipY 



\W\ ^ dety((w^)-i -x) 



iy| detv/(l - wip/x)* 



-irx-'-S'G(a*)(l/x). 



Corollary 2.39. 

We have 



Fego(det^) = CrC2---C> 



1 



Proof ofWM 

Applying Lemma 12.381 for a = 1*^ gives 

^G(dett.)(x) = = (-l)'-x- 

hence by fICTD 



^G(dett.)(x)=CrC2---C>^- 



and the desired formula follows from fl2.32p . 

Fake degree of dety and some computations 

Proposition 2.40. 

We have 



FegG(dety)(x) = dety{(p)x 



hyp 



Feg^(dett.)(x) = det'/(^)*x^- 

Corollary 2.41. 

We have 

dety^(^) = (1(2- ■ - Cr 
det'y{Tp) = Aw{Tp)CK;--<: 
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Proof of WJ^ and\2jl 



By Propositions 12.121 and 12.20( 3) , we see that 



FegG(dety)(x) = f prL ^^^v{w^)iAw^\KW^^^' I x''^ 



W\ 

= — ^!M^)^^<- = detU^)x<^^ . 

A similar proof holds for FegQ(dety)(x). 

The corollary follows then from 12. 39) and from det^det'^^ = A^y- □ 

Corollary 2.42. 

Assume that wip is a (-regular element ofWip. Then 

FegG(dety)(x) = detv(w<^)(C-^x)<" 
FegG(dett.)(x) = dett.(^v^)(C-'x)^- . 
In particular, we have 

FegG(dety)(C) = dety (wif) 
Feg^{det*y){0 = det*y{wv) . 

Note that the last assertion of the above lemma will be generalized 
in 12331 

Proof. 

By Proposition 12.401 and since dety(^) = dety(wv9)detv(wv9)* , we 
have 

FegQ(dety)(x) = det'y{'(p)*x'^'^'' = detviw(p)*detviw(p)x^^'' . 

Now by Lemma l2.3[ we know that detv{wip) = (^w'^ , which implies 
that Feg(K(dety)(a;) = detviw(p){C-^x)^w'' . 

The proof of the second equality goes the same. □ 

Lemma 2.43. 

(1) For all w G W we have 

i=r 

FegG{R^^){l/x) = detv{w^)([[a)x-''^'Feg^{R^^){xy . 

i=l 

(2) If wif is a (-regular element, we have 

Feg^{R^^){xy = (C-^x)-^- FegG(i?.^)(a;) . 

Proof. 



:i) By (EMI (3)), we have Feg^(i?S^) = ^^^^ . By ^B, we 



have Pg{x) = YYiZ[{l - Qx'^') ■ Moreover, Pj^^ix) = detv{l -w(px). It 
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follows that 



'WipJ 



n:=;(i - c 

detv'(l — wipx)* 



The stated formula follows from the equality J2i=ii^i ~ 1) = 



W ' 

which is well known (see e.g. |Bro2t Thm. 4.1.(2)(b)]). 

(2) By Corollary [am we know that [lEl C = det'v^^(^)*, hence 
(by Lemma [23(2)) 

i=r 

nC = r^^'dety(t.^)*. 

i=l 

It follows from (1) that 

Feg^iR^^){l/xy = (C-^x)-^-FegG(i?.^)(x). 

□ 



2.2.3. The polynomial orders of a reflection coset. 

We define two "order polynomials" of G, which are both elements of 
1^k[x], and which coincide when G is real. This differs from |Spetsl| . 

Definition 2.44. 

(nc) The noncompact order polynomial of G is the element of [x] 
defined by 

|G|nc : = i-lYFeg^idet*y)ix)PGixr 

= (-l)Met'/(^)*x^J^^n(l-C 



t=r 
i=l 

i=r 



1=1 



(c) The compact order polynomial of G is the element of 
defined by 

|G|, : = (-l)^Fege(detv^)(x)PG(x)* 

i=r 

= (-l)'-detV(^)*x<^'n(l-C^'') 



1=1 

i=r 



/hyp 

i=l 
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Remark 2.45. 

1. In the particular case of a maximal torus T^^ := (y,wip) of G, it 
is readily seen that 

|T^</.|nc = (-l)'"dety(w<y9)*det(l - Wifix)* 
|T,u,<^|c = (— l)^'dety(w(/9)det(l — wipx)* = dety(x — wip) . 

2. In general the order polynomials are not monic. Nevertheless, if 
G is real they are equal and monic (see Lemma 12.101 for the case of 
|G|c). If G is real, we set |G| := |G|nc = |G|c. 

Remark 2.46. If G is rational or very twisted rational, and if G (to- 
gether with the endomorphism F) is any of the associated reductive 
groups attached to the choice of a suitable prime power q, then (see 
e.g. m 11-16]) 

Proposition 2.47. 

(1) We have 

|G|, 



IT I 

I W(fi I c 



|G|, 



IT I 

I wip I nc 



detviw^Tx^^ Fegc(i?«;<^)(x) , 
= detl{wipyx^'^'Feg^{R^^){x) . 



(2) // moreover wip is a (-regular element of Wip, we have 
'^'^■ = (rM^-''Fega/2.,)(x), 



IT I 

I wip I c 



IT I 
I Wip I nc 



iC-'xr^Feg^iR^^)ix) 



Proof. 

(1) By Definition 12.441 and the above remark, 1, and by Lemma [2.341 
we have 

'^'^ - det'yi^rdetviw^yx''- ^^^"^^ 



= detv{wipyx^^^Feg^{R^^){x) , 

proving (1) in the compact type. The proof for the noncompact type 
is similar. 

(2) follows from Lemma 12.31 □ 



2.3. $-Sylow theory and $-split Levi subcosets. 
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2.3.1. The Sylow theorems. 

Here we correct a proof given in |Spetsl| , viz. in Th. I2.5UI (4) below. 

Definition 2.48. 

• We call i^-cyclotomic polynomial (or cyclotomic polynomial 
in -ft'fxjj a monic irreducible polynomial of degree at least 1 in 
K[x] which divides x" — 1 for some integer n > 1. 

• Let ^ E K[x] be a cyclotomic polynomial. A ^-reflection coset 
is a torus whose polynomial order is a power of^. 

Remark 2.49. 

If G is an associated finite reductive group, then a ^^-reflection coset 
is the reflection datum of a torus which splits over F^d but no subtorus 
splits over any proper subfield. 

Theorem 2.50. 

Let G be a reflection coset over K and let ^ be a K-cyclotomic 
polynomial. 

(1) // $ divides Pq,{x), there exist nontrivial ^-subcosets ofG. 

(2) Let El be a maximal ^-subcoset o/G. Then 

(a) there is w E W such that S = (ker ^{wip), (wv5)|ker$(w)^)) , 

(b) |S| = $«(*)^ the full contribution of ^ to Pg{x). 

(3) Any two maximal ^-subcosets of G are conjugate under W . 

(4) Let S be a maximal ^-subcoset of G. We set L := Cg(S) and 

:= Nwm/Wi^. Then 

= = 1 mod ^. 

|l^G(L)||L|nc |H^G(L)||L|e 

(5) With the above notation, we have 

L = (V, Wj^wcp) with Wj^ = Cvi/(ker ^{wip)) . 

We set y(L, $) := ker^^wip) viewed as a vector space over 
the field K[x]/{^{x)) through its natural structure of K[w(j)]- 
module. Then the pair (\^(L, $), ^/^(L)) is a reflection group. 

The maximal $-subcosets of G are called the Sylow ^-subcosets. 
Proof oflMM 

As we shall see, assertions (1) to (3) are consequences of the main 
results of Springer in |Sp] (see also Theorem 3.4 in |BrMalj ). 

Assertion (5) is nothing but a reformulation of a result of Lehrer and 
Springer (see for example |Bro2| Thm.5.6]) 

For each i^-cyclotomic polynomial $ and w G W, we denote by 
V{w(f,^) the kernel of the endomorphism ^{wip) of V {i.e., V{h,^) 
viewed ClS db i^- vector space). Thus 

§(wV2, $) := (y{w(p,^),{wip)\v{w<p,<s>)) 

is a torus of G. 
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Let us denote by K' a Galois extension of K which sphts $, and 
set V := K' ®K y ■ For every root ^ of $ in K' , we set V'{wip, Q := 
V'{wLp, (x - C))- It is clear that V {wi^,^) = 0^1^'(wv^,C) where ( 
runs over the set of roots of $, and thus 

dimV'{w(p, $) = deg($) ■ dimV'{w(p, () . 

It follows from |Sp| , 3.4 and 6.2, that for all such ( 

(51) max(^gvK)diniV''(wv9, = o-i^), 

(52) for all w G W, there exists w' E W such that dimV'{w'{p, () = 
a($) and V'{w<^,C) C l^'(wV,C), 

(53) if ^1,1^2 G are such that dimV'{wiipX) = dim\^'(ti?2V^, C) = 
a($), there exists to G such that w-V'{wi{p,() = ^'('U^2V'5C)- 

Now, (SI) shows that there exists w E W such that the rank of 
S{wip, $) is a($) deg($), which implies the first assertion of Theorem 
12301 

If V'iwif, C) C 1/'(w;V, C) then we have V'{wif, a{C)) C V'{w'^, a{C)) 
for all a G Ga^K'Z-ft'), hence 
• V'{wip,<!>) C F'(tf;V,*), 

So (S2) implies that for all w G TV, there exists w' E W such that 
the rank of E>{w'ip, $) is a($) deg($) and S(wv9, $) is contained in 
S(w'v95 which proves assertion (2) of Theorem 12. 50[ 

For the same reason, (S3) shows that if Wi and W2 are two elements 
of W such that both E>{wi(p, $) and Ei{w2f, $) have rank a($) deg($), 
there exists w E W such that S^wwiipw"^ , ^) = Ei{w2(p,^), which 
proves assertion (3) of Theorem 12.501 

The proof of the fourth assertion requires several steps. 
Lemma 2.51. 

For E> a Sylow ^-subcoset of G let L := Cg(S). Then for any class 
function a on G, we have 

FegG(a)(x) ^ ^-^:^l^FegjResI:a)(x) mod $(x) . 



Proof of\2M 
We have 



1 -Pi 

Pd^yS^a) = Fegaa)(x) = ^ E "^^^^ d^-x^^)* ' 
and it follows from the first two assertions of Theorem 12.501 that 

where w runs over those elements of W such that V{wip, $) is of max- 
imal dimension. These subspaces are permuted transitively by W (cf. 
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(S3) above). Let V{woip,^) be one of them, and let § be the Sylow 
$-subcosets defined by 



Let us recall that we set L = Cg(§) = (V, Wijjjq^^. The group A''vi/(§) 
consists of all w G such that 

wy{wQLp,^) = V{wQLp,^) and (u'u;o<^u7"^)|^,„^^^^) = (wo<^)|^(^^^_,,) . 

Since in this case every w such that w V {wQi{>,^^ = V{woip,^) 

belongs to Nwi^), we have 

Feg(a)(.) . IW : iVw-(S)|^ ^ • 

where "ly ~ wq means that V{wi-{), $) = V{wQi{>, $). 

Following (S3) above, the elements ~ are those such that ww'^^ 
acts trivially on ^(wov?, $), i.e., are the elements of the coset Wi%Uq. 
Thus 

^ det(l - xw^r - ^ det(l - xwwo^y " I^^I^^ResJa)). 

We know that A^vy(S) C A^vy(IL'). Let us check the reverse inclusion. 
The group Nw(J^)/Wi^ acts on V'^^ and centralizes {woip)\^^^. Hence 
it stabilizes the characteristic subspaces of {woip)\ among them 

V{wo(p, $). This shows that NwO^) = Nwi^)- In particular |A^vf(S)| = 
|Wi||W^G(L)|. □ 

Applying Lemma [2.511 to the case where a = 1® gives 

Proposition 2.52. 

Let S be a Sylow ^-suhcoset of Q, and set L = Cg(S). 

(1) , \ ..^^j^^j* = 1 mod $(x) . 

(2) Whenever a is a class function on G, we have 

FegG(a)(x) = FegL(Res{:(a))(x) mod <l>{x) . 

Now applying Lemma 12.511 and Proposition 12.521 to the cases where 
a is dety and dety gives the desired congruences in Theorem 12.50^ 4) 
(thanks to Definition 

IGUilW^imMnc) = |G|e/(|W^G(L)||L|e) = 1 mod <^{x) . 

□ 



Fake degrees and regular elements 
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Let a be a class function on G. Let w^p be ^-regular, so that the 
maximal torus T^<^ of G is a Sylow $-subcoset. We get from Proposi- 
tion |232i:2) that 

Fege(a)(a;) = a{wip) mod 
which can be reformulated into the following proposition. 

Proposition 2.53. 

Let wif he Q-regular for some root of unity (. 

(1) For any a G CFuf(G) we have Feg(g(a)(C) = a{w(p). 

(2) In particular, we have Fegg(i?^<^)(C) = |Cvk('U^9')| • 



2.4. The associated braid group. 

2.4.1. Definition. 

Here we let be a complex vector space of finite dimension r, and 
W C GL(V) be a complex reflection group on V. 

We recall some notions and results from |BrMaRo] . 

Choosing a base point Xq G V^""^^ = V — IJjfe^(iy) denote 
by BvK := '^i(y^'^^/W,xo) the corresponding braid group, and we set 
Pw :=7ri(\/-s,a;o) 

Since the covering V'^'^^ -» V^'^^/W is Galois by Steinberg's theorem 
(see e.g. |Bro2t 4.2.3]), we have the corresponding short exact sequence 

A braid reflection s in Biy is a generator of the monodromy around 
the image in V/W of a reflecting hyperplane H G v4(H^). We then say 
that s is a braid reflection around H (or around the orbit of H under 
W). 

2.4.2. Lengths. 

For each H G ^(W), there is a linear character 

Ih : — y Z 
such that, whenever s is a braid reflection in Bvi/, 

1 if s is a braid reflection around the orbit of H, 
if not. 



We have Ih = Ih' if and only if H and H' are in the same VT-orbit. We 
set 

/:= E In. 

H(iA(W)/W 
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2.4.3. The element TZ\Y . 

We denote by tzw (or simply by tt if there is no ambiguity) the 
element of 'Pw defined by the loop 

TTiy : [0, 1] ^ , t ^ exp{27Tit)xo . 

We have ttw € Z'Bw , and if W acts irreducibly on V, we know by 
[DiMaMil Thm. 1.2] (see also jBesil 12.4] and [BrMaRol 2.24]) that 
TVw is a generator of ZPw called the positive generator of ZP^y. 
We have 

Ih{t^w) = I orbit of H under W\eH 
and in particular (by formula 12. ip 



2.4.4. Lifting regular automorphisms. 

For this section one may refer to |Bro2t §18] (see also |DiMi2t §3]). 
A. Lifting a (-regular element wcp 

• We fix a root of unity ( and a (^-regular element w(f in W(p, and 
we let S denote the order of wip modulo W. Notice that since 
{wipY is a C^-regular element of W, then (bv l2.4p (^"^ = 1. 

Let us also choose a, G N such that ( = Q {a/d is well 
defined in Q/Z). By what precedes we know that d \ cwdS, or, 
in other words, Cw^a/d G Z. 

• Let us denote by xi a (^-eigenvector of wip, and let us choose a 
path 7 from xq to Xi in V'^'^^. 

• We denote by n^-^^a/d the path in V^^^ from xi to (xi defined by 

T^xi,a/d ■ t exp{27iiat/d).xi . 

Note that vr^i,a/d does depend on the choice of a/d G Q and 
not only on (. 

Following |Bro2| 5.3.2.], we have 

• a path [wip]^^a/d (sometimes abbreviated [wip]) in V^'''^^ from xq 
to {wip){xo), defined as follows: 



1 ^ 

[wV3]7,a/d : - - - - - - ^> Xx (Xx ' - - - - - > {vJip) (Xq) 
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• an automorphism a.{wip)^^a/d (sometimes abbreviated a.{wip)) of 
'Bw, defined as follows: for e 1^ and g a path in V^^^ from 
Xq to qxq, the path a.{w(fi)j^a/d{s.) from xq to Ad{w(p){g)xo is 

(2.54) 

a(w¥')7,a/d(g) : 

Xo ^{w(p){xo) (w(^^)(xo) Ad{wip){g){xo) 

with the following properties. 

Lemma 2.55. 

(1) The automorphism ai{wLp)^^a/d has finite order, equal to the or- 
der of Ad{wip) acting on W . 

(2) The path 

(often abbreviated p) defines an element ofQw which satisfies 

^d _(5o 

P-f,a/d — ^ ■ 

Remark 2.56. 

(1) Notice that a/c? G Q is unique up to addition of an integer, so 
that p is defined by unp up to multiplication by a power of tz^ . 

(2) Let us consider another path 7' from xq to x'^, another eigen- 
vector of wip with eigenvalue C,. Then 

(a) the element p^i^a/d conjugate to p^^^/d by an element of 
'Pwi and 

(b) the element 3i{wip)^i ^a/d is conjugate to Si{wip)^^a/d by an 
element of 'Pw- 

B. When ip is 1-regular 

Now assume moreover that (p is 1-rcgular, and choose for base point 
Xq an element fixed by ip. Let us write 1 = exp(27rm) for some n E 1. 
(which plays here the role played hy a/d above). 

Lemma 2.57. 

(1) The corresponding loop [ip] defines tt". 

(2) The path [w(p]^^n defines a lift w^^„ (abbreviated to w) of w in 

(3) We have aL{w(p)j^n — Ad(w^^„) • a.{(p) . 
Proof. 

(1) is obvious. (2) results from the fact that the path [w(p]j^a/d starts 
at Xq and ends at w(fiXo — wxq. 
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Since ip{xo) = Xq, Definition 12.541 becomes simply a(y9)(g) = (p{g), a 
lift of Ad{ip){g) to To prove (3), we notice that by (2) we have 

Xq - - - - - - - WXq - [Wipg) (Xq) ^ Ad{WLp) [g] (Xq) • 

Since 

Ad(w)(g) = 

Xq - - - - WXq w^fXo - - - - - - > Ad[w ) [g) [Xq) 

we see that 

Ad(w)(^(g)) = 

w (""/')(g) Ad((p«))(g)(w-M X / X/ X 

Xo - - - WXq >- wgxo > Ad{w){g){xo) , 

thus showing that Ad(w)(y9(g)) = a{w(f){g) . □ 

In that case, we can consider the semidirect product 'Bw x 
in which we set ip := ai{(f). Then assertion (2) of Lemma [2.551 becomes 

p = (wifY and (wc^)^'^ = tz^" . 

C. Centralizer in W and centralizer in Bvi/ 

Now we return to the general situation (we are no more assuming 
that (p is 1-regular). 

By (5) in Theorem I2.5UI we know that the centralizer of wip in W, 
denoted by W{w(p), is a complex refiection group on the C-eigenspace 
V{wip) of wip. 

Assume from now on that the base point xq is chosen in V^uupy^^. 
Let us denote by Sw{wip) the braid group (at xo) of W{wip) on V{wip), 
and by Pw{wip) its pure braid group. 

Since the refiecting hyperplanes of W{wip) are the intersections with 
V{wip) of the refiecting hyperplanes of W (see for example |Bro2l 18.6]), 
the inclusion of V{wLp) in V induces an inclusion 

which in turn induces a natural morphism (see again |Bro2i 18.6]) 

BwiwLp) CB^(a(wv9)) . 

The next statement has been proved in all cases if ^ = 1 |Bes4l 
12.5,(3)]. 

Theorem— Conjecture 2.58. 

The following assertion is true if'(p = 1, and it is a conjecture in the 
general case: 

The natural morphism 
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is an isomorphism. 

Remark 2.59. It results from the above Theorem-Conjecture that the 
positive generator TTwiwip) of the center Z'Pwiwip) oi'Py^iwip) is iden- 
tified with the positive generator tt of P^y. 

2.5. The generic Hecke algebra. 

2.5.1. Definition. 

The generic Hecke algebra l-iiW) of W is defined as follows. Let us 
choose a M^-equivariant set of indeterminates 

U := {uH,i){H&A{W)){:i=0,...,eH-l) ■ 

The algebra l-LiW) is the quotient of the group algebra of over 
the ring of Laurent polynomials Z[u, u~^] := lj[{u^^H,i\ by the ideal 

generated by the elements 11^=0"^ (^~'"^^:*) ^'-'^ ^ ^ ^(W^) and s running 
over the set of braid reflections around H. 

The linear characters of the generic Hecke algebra l-iiW) are de- 
scribed as follows. 

Let X : l-LiW) — )■ Z[u, u^^] be an algebra morphism. Then there is a 
VT-equi variant family of integers {i^)H<^A{w)i 3^ ^ {0,. — 1}, such 
that, whenever s is a braid reflection around if, we have = jx . 

2.5.2. Parabolic subalgebras. 

Let / be an intersection of reflecting hyperplanes of W , and let "Qwi 
be the braid group of the parabolic subgroup Wi of W . 

If u = {uH,i){HeA{w)){i=o,...,eH-i) is a H^-equivariaut family of inde- 
terminates as above, then the family 

U/ := {uH,i){H(^A(Wi)){i=0,...,eH-l) 

is a iy/-equivariant family of indeterminates. 

We denote by l-LiWj, W) the quotient of the group algebra of 'Qwi 
over Z[u/, u^"^] by the ideal generated by the elements nifo"^(^ ~ ""H.i) 
for H G A{Wi) and s a braid reflection of 'Qwi around H. 

The algebra 'H{Wi,W) is a specialization of the generic Hecke al- 
gebra of Wj, called the parabolic subalgebra ofHiW) associated with 
I. 

The natural embeddings of 'Qwi into B^y (see e.g. [BrMaRol §4]) are 
permuted transitively by P^y. The choice of such an embedding defines 
a morphism of 'H(Wi, W) onto a subalgebra of TiiW) ( [BrMaRo] §4]). 

2.5.3. The main Theorem-Conjecture. 
Notation. 

• An element -P(u) G Z[u, u^-*^] is called multi-homogeneous if, for 
each H G ^(14^), it is homogeneous as a Laurent polynomial in 
the indeterminates {uH,i \ i = 0, . . . ,eH — ■ 
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• The group &w '■= Y[HeA(w)/w ^^ts naturally on the set of 
indeterminates u. 

• We denote by ^ H- the involutive automorphism of Z[u, u^^] 
which sends UH,i to u]j\ (for all H and i). 

The following assertion is conjectured to be true for all finite re- 
flection groups. It has been proved for almost all irreducible complex 
reflection groups (see |Spetsl| and |MaMij for more details). 

Theorem-Conjecture 2.60. 

(1) The algebra T-LiW) is free of rank \W\ over Z[u, u^-*^], and by 
extension of scalars to the field Q(u) it becomes semisimple. 

(2) There exists a unique symmetrizing form 

Tw : n{W) ^Z[u,u-^] 

(usually denoted simply t) with the following properties. 

(a) Through the specialization uhj ^ exp {21-^] /ch) , the form 
T becomes the canonical symmetrizing form on the group 
algebra of W . 

(b) For all b G B, we have r(6~^)^ = — - — - , where tt := ttw 
(see WJJj ). 

(3) // / is an intersection of reflecting hyperplanes of W , the re- 
striction of Tw to a naturally embedded parabolic subalgebra 
T-L{Wi, W) is the corresponding specialization of the form twj. 

(4) The form r satisfies the following conditions. 

(a) For b & B, rip) is invariant under the action of &w 

(b) As an element of Z[u,u~^], T{b) is multi-homogeneous of 
degree I nib) in the indeterminates {uH,i \ i = 0, . . . ,eH — 
1} for all H G ^(VT). In particular, we have 

r(l) = l and r(7rH.) = (-1)^- J] 

H<^A(W) 



2.5.4. Splitting field. 

An irreducible complex reflection group in GL(V) is said to be well- 
generated if it can be generated by dim(y) reflections (see e.g. [Bro2l 
§4.4.2] for more details). 

The following theorem has been proved in |Ma3j . 

Theorem 2.61. 

Assume assertion (1) of Theorem- C on jecture \2. 6^ holds. 
Let W be an irreducible complex reflection group, and let 

( \ZW\ if W is well-generated, 

[\KQw>\ else. 
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Let US choose a W -equivariant set of indeterminates v := {vuj) subject 
to the conditions 

vfiw _ A-i . 

Then the field QTy(v) is a splitting field for l-iiW). 
We denote by \ii{l-i{W)) the set of irreducible characters of 

which is also the set of irreducible characters of 

Q(v)H(iy) := Q(v) n{W) . 

Following |Ma41 §2D], we see that the action of the group &w on 
Z[u, u~^] by permutations of the indeterminates Uhj extends to an 
action on Q[v,v~^]. Indeed, we let &w act trivially on Q and for all 
cr G &w we set 

(^(vhj) ■■= exp {2ni{a{j) - j)/eHmw) Vhj ■ 

That action of (Sw induces an action on l-LlW), and then an action on 

liiiniW)) by 

(2.62) 

:= (r{x{^-\h))) ioT aeGw,he , x e Irr(?{(iy)) . 



2.5.5. Schur elements. 

The next statement follows from Theorem 12.611 by a general argu- 
ment which goes back to Geek [Gelj . 

Proposition 2.63. 

Assume Theorem-Conjecture \2. 6^ holds. 

For each x ^ IttIT-LIW)) there is a non-zero G Zw[v,v~^] such 
that 

The Laurent polynomials S-^^ are called the generic Schur elements 
of n{W) (or ofW). 

Let us denote by S* i— > 5^ the involution of Qh/(v) consisting in 

• v]^^j := vJjIj for all H G A{W), j = 0, . . . , e - 1, 

• complex conjugating the scalar coefficients. 

Note that this extends the previous operation A i— )■ on Z[u, u^-*^] 
defined above in 12.5.31 

The following property of the Schur elements (see [Spetsl , 2.8]) is 



an immediate consequence of the characteristic property (see Theorem 
I2.60( 2)(b)) of the canonical trace r. 
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Lemma 2.64. 

Assume Theorem-Conjecture \2. 6^ holds. 
Whenever x & Itt{'H{W)) , we have 



where denotes the central character corresponding to x- 

2.5.6. About Theorem-Conjecture \2. 6^ 

We make some remarks about assertions (4) and (3) of 12.601 
Note that the equahty r(l) = 1 resuhs from the formula r(6^^)^ = 
r(67r)/r(7r) (condition (2)(b)) apphed with 6 = 1. The same formula 
applied with b = tt"^ shows that t{tz) is an invertible element of the 
Laurent polynomial ring, thus a monomial. Multi-homogeneity and 
invariance by &yy will then imply the claimed equality in (4)(b) up to 
a constant; that constant can be checked by specialization. 

Thus in order to prove (4)(b) (assuming (2)), we just have to prove 
multi-homogeneity. It is stated in [S petsl[ p. 179] that (a) and (b) are 



implied by |Spetsl Ass. 4] (which is the same as conjecture 2.6 of 



[MaMij ). assumption that we repeat below (Assumption 12.65]) . 

In |BreMaj and |GIMj . it is shown that 12. 65] holds for all imprimitive 
irreducible complex reflection groups. 

Assumption 2.65. 

There is a section 

W > Bvy , W W 

with image W, such that 1 G W, and for w G W — {1} we have 
r(w) = 0. 

Let us spell out a proof of that implication. 
Lemma 2.66. 

Under Assumption \2.65l properties (4)(a) and (4)(b) of Theorem 
\2M hold. 

Proof. 

By the homogeneity property of the character values (see e.g. [Spetsl 



Prop. 7.1, (2)]), applied to the grading given by each function Ih, we 
see that for x ^ Irr(7{(W^)) and b G B^y, the value xip) is multi- 
homogeneous of degree I nip). 

From the definition of the Schur elements S*^, it follows that r(6) is 
multi-homogeneous of degree l{b) if and only if the Schur elements S"^ 
are multi- homogeneous of degree 0. 

Let M be the matrix {x(w)}^gi„(-H(iy)),wec where C is a subset of W 
which consists of the lift of one representative of each conjugacy class 
of W . Then the equation for the Schur elements reads S = X ■ 
where S is the vector (1/S'^)^gii.i.(^(vi/)) and X is the vector (1, 0, ... , 0) 
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(assuming that C starts with 1). From this equation, it results that 
the inverses of the Schur elements are the cofactors of the first column 
of M divided by the determinant of M , which are multi-homogeneous 
of degree 0. From the same equation, since X is invariant by &wi 
it results that for a G ©vy, we have (see I2.62j) c'"(5'^) = Sa(x)^ which 
implies that r is invariant by ©vy. □ 

Note that, for the above proof, we just need the existence of C and 
not of W. 

We now turn to assertion (3) of Theorem-Conjecture [2.60[ The proof 
of unicity of r given in |Spetsl| using part (2) of Theorem- Assumption 
1.56 applies to any parabolic subalgebra of the generic algebra. Hence 
assertion (3) would follow from the next assumption. 

Assumption 2.67. 

Let B/ he a parabolic subgroup of Bvy corresponding to the intersec- 
tion of hyperplanes I , and let tt/ he the corresponding element of the 
center ofBj. Then for any b G B/, we have r(6^^)^ = T{h'Ki)/T{'Ki). 

From now on we shall assume that Theorem-Conjecture 12.601 holds. 

2.5.7. The cyclic case. 

For what follows we refer to |BrMa2| §2]. 

Assume that W = {s) C. GLi(C) is cyclic of order e. Denote by s 
the corresponding braid reflection in Byy. Let u = (Mi)i=o,...,e-i be a 
set of indeterminates. 

Then clearly there exists a unique symmetrizing form r on the generic 
Hecke algebra T-iiW) of W (an algebra over Z[(Mf ^)j=o,...,e-i]) such that 



This is the form from 12.601 

For < 2 < e — 1, let us denote by Xi '■ H{W) — )■ Q(u) the character 
defined by Xii.^) = We set S'j(u) := S^.{u) . 

Lemma 2.68. 

The Schur elements Si{u) ofW= (s) have the form 



where P{t, u) := {t — Uq) ■ ■ ■ {t — Ue-i) ■ 
Proof. 

The first formula is in |BrMa2t Bem. 2.4]. For the second, notice 
that we have 



r(l) = 1 and r(s*) = for i = 1, . . . , e 



- 1. 





38 MICHEL BROUE, GUNTER MALLE, JEAN MICHEL 

□ 

The following Lemma will be used later. Its proof is a straightforward 
computation (see Lemma [2.64p . 

Lemma 2.69. 

With the above notation, we have 

e-l 
j=0 

2.6. $-cyclotomic Hecke algebras, Rouquier blocks. 

We now consider specialized cyclotomic Hecke algebras involving 
only a single indeterminate, x. 

Let i^' be a number field, stable by complex conjugation A i— )■ A*. 
Let W he a finite reflection group on a i^'-vector space V of dimension 
r. 

Let $(a;) be a i^'-cyclotomic polynomial — see Definition 12.481 We 
assume that the roots of have order d, and we denote by ( one of 
these roots. 

2.6.1. ^-cyclotomic Hecke algebras. 

We recall that we set uik = We choose an indeterminate v 

such that f™^ = (~^x. 

Definition 2.70. 

(1) A cyclotomic specialization is a morphism a : '^[{u^\)H,i] 

defined as follows: 
There are 

• a W-equivariant family {CH,i)iHGA{w)){i=o,...,e„-i) of roots of 
unity in K, 

• and a W -equivariant family {jnH/i){H&A{W))(i=o,...,eH-i) (^f 
rational numbers, 

such that 

(a) rnxmH/L G Z for all H and i, 

(b) the specialization a is of the type a : UH,i ^ C-f/.i'^™'^™^'' • 

(2) A ^-cyclotomic Hecke algebra ofW is the algebra 

defined by applying a cyclotomic specialization a : Z[(n^\)//_j] — )■ 
to the base ring of the generic Hecke algebra ofW, which 
satisfies the following conditions: 
For each H G ^(ly), the polynomial 

^H(u)(t) = n - "^^'^) ^ z[u,u-'][t] 

i=0 
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specializes under a to a polynomial PnityX) such that 
(CAl) PH{t,x) G K[t,x] , 
(CA2) PH{t,x) = - 1 (mod <l>(x)). 

Remark 2.71. 

(1) It follows from Theorem 12.611 that the field K{v) is a splitting 
field for T-L^. 

(2) Property (2),(CA2) of the preceding definition shows that 

(a) a $-cyclotomic Hecke algebra T-L^ as above specializes to 
the group algebra KW through the assignment v ^ 1 
(which implies x ^ (); 

(b) the specialization of K[u, u~^] ®z[u,u-i] 'H(W) to the group 
algebra KW (given by UH,i ^ Ce„ for < i < ej^ — 1) 
factorizes through its specialization to any $-cyclotomic 
algebra. 

2.6.2. The Rouquier ring Rk (^) ■ 

Definition 2.72. 

(1) We call Rouquier ring of K and denote by Rk{v) the 1k- 
subalgebra of K{v) 

RK{v):=ZK[v,v-\{v^-l)-i,]. 

(2) Let a : uhj ^ Chjv"'"'^ be a cyclotomic specialization defining 
a ^-cyclotomic Hecke algebra Tier- The Rouquier blocks of Her 
are the blocks of the algebra RK{v)'Ha- 

Remark 2.73. 

It has been shown by Rouquier (cf. [Roul Th.l]), that if is a 
Weyl group and "H^ is its ordinary Iwahori-Hecke algebra, then the 
Rouquier blocks of Ha coincide with the families of characters defined 
by Lusztig. In this sense, the Rouquier blocks generalize the notion 
of "families of characters" to the $-cyclotomic Hecke algebras of all 
complex reflection groups. 

Observe that the Rouquier ring Rk{v) is a Dedekind domain (see 
[Bm §2.B]). 

2.6.3. The Schur elements of a cyclotomic Hecke algebra. 

In this section we assume that Conjecture 12.601 holds. 
Let us recall the form of the Schur elements of the cyclotomic Hecke 
algebra Tia jB?Kll Prop. 2.5] (see also pJTl Prop.4.3.5]). 

Proposition 2.74. 
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// X o-n irreducible character of K{v)'Ha, then its Schur element 
is of the form 

where G T^k, a-^ G Z, \I/ runs over the K-cyclotomic polynomials 
and (jT-x,*) is a family of almost all zero elements ofN. 

The bad prime ideals of a cyclotomic Hecke algebra have been defined 
in [B?KI1 Def. 2.6] (see also [MaRoj . and pJTl Def. 4.4.3]). 

Definition 2.75. 

A prime ideal p of lying over a prime number p is a-bad for W , 
if there exists x ^ lTT{K{v)'Ha-) with Ep. In this case, p is called a 
a-bad prime number for W . 

Remark 2.76. 

In the case of the principal series of a split finite reductive group, 
that is, if is a Weyl group and "H^ is the usual Hecke algebra of W 
— the algebra which will be called below (see 14.441) the "1-cyclotomic 
special algebra of compact type" — , it is well kown (this goes back, at 
least implicitly, to [Lul] and |Lu2] ) that the corresponding bad prime 
ideals are the ideals generated by the bad prime numbers (in the usual 
sense) for W. 



2.6.4. Rouquier blocks, central morphisms, and the functions a and A. 

The next two assertions have been proved in [BrKi[ Prop. 2.8 & 2.9] 
(see also pJTl §4.4.1]). 

Proposition 2.77. 

Let X) ^ liT{K{v)'Hf^) . The characters x ^^^^ o'^e in the same 
Rouquier block of Tia- if and only if there exist 

• a finite sequence Xo,Xi^ ■ ■ ■ ^Xn ^ lTT{K{v)Ha) , 

• and a finite sequence pi, . . . , p„ of a-bad prime ideals for W 

such that 

(1) Xo = X and Xn = i^, 

(2) for all j {I < j < n), cOxj-i = ^Xj ^'^^ PjRKiy) . 



Following the notations of [Spetsl §6B], for every element P{v) G 
C(f), we call 

• valuation of P{y) at v and denote by val^(P) the order of P{y) 
at 0, 

• degree of P{v) at v and denote by degj,(P) the negative of the 
valuation of P{l/v). 
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Moreover, as x = (v"^'^ , we set 
For X ^ Iri'(-^('i^)'H<j), we define 

(2.78) a,:=vaU(|M) and A, := deg,(|iM) • 



Remark 2.79. 

For a Weyl group, the integers and are just those for the 
generic character corresponding to x (see Notation 15. Ill below). 

The following result is proven in [BrKi| Prop. 2.9]. 

Proposition 2.80. 

Let Xii' ^ \ii{K(v)'Hfj). If the characters x (^iT'd "ip are in the same 
Rouquier block ofH^, then 

-\- A-^ = dip -\- . 

For all Coxeter groups, Lusztig has proved that if x and ip belong to 
the same family, hence (by Remark I2.73P to the same Rouquier block 
of the Hecke algebra, then and Aj^ = A^. This assertion has 

also been generalized by a case by case analysis (see |BrKil Prop. 4. 5], 
[MaRol Th.5.1], pn2l Th.6.1], and pJTl §4.4] for detailed references) 
to the general case. 

Theorem 2.81. 

Let W be a complex reflection group, and let Tia be a cyclotomic 
Hecke algebra associated with W . 

Whenever X; ^ Itt{K {v)'Hcr) belong to the same Rouquier block of 
T-ifj, we have 

= and A^ = A^ . 
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3. Complements on finite reductive groups 



3.1. Notation and hypothesis for finite reductive groups. 

Before proceeding our development for complex reflection groups, 
we collect some facts from the theory of finite reductive groups associ- 
ated to Weyl groups. More precisely, we state a number of results and 
conjectures about Deligne-Lusztig varieties associated with regular ele- 
ments, Frobenius eigenvalues of unipotent characters attached to such 
varieties, actions of some braid groups on these varieties, in connection 
with the so-called abelian defect group conjectures and their specific 
formulation in the case of finite reductive groups (see |BroOt §6], and 
also |BrMij ). 

These results and conjectures will justify and guide most of the defi- 
nitions and properties given in the following paragraphs about the more 
general situation where finite reductive groups are replaced by spetsial 
refiection cosets. 

Let G be a quasi-simple connected reductive group over the algebraic 
closure of a prime field Fp, endowed with an isogeny F such that G := 
G'^ is finite. 

Our notation is standard: 

• 5 is the smallest power such that is a split Frobenius (this 
exists since G is quasi-simple). We denote by a; (-)■ x.F the 
action of F on elements or subsets of G. 

• The real number q {^/p raised to an integral power) is defined 
by the following condition: F^ defines a rational structure on 

• Ti is a maximal torus of G which is stable under F and con- 
tained in an F-stable Borel subgroup of G, W is its Weyl group. 
The action on V := C -^(Ti) induced by F is of the form 
q(p, where (p is an element of finite order of Nqi^(^y){W) which is 
1-regular. Thus 6 is the order of the element of A^GL(y)(W^)/W^ 
defined by ip. For w G W we shall also sometimes note ip{w) := 
(pwip~^ = "^w . 

We also use notation and results from previous work about the braid 
group of W and the Deligne-Lusztig varieties associated to G (see 
[B?Mi] . |DiMi3] l 

We use freely definitions and notation introduced in §2.41 above. Re- 
call that for a, (i G N, Q := exp{2TTia/d), and let Wip be a Cd'^egular 
element for W. 

It is possible to choose a base point xq fixed by p in one of the 
fundamental chambers of W, which we do. Indeed, p stabilizes the 
positive roots corresponding to the F-stable Borel subgroup containing 
Ti and consequently fixes their sum. 
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Since G is quasi-simple, W acts irreducibly on V, and so ( |Dell] or 
|BrSaj ) the center of the pure braid group Pw is cychc. We denote by 
TT its positive generator. 

Following |DiMi2[ §3], we choose all our paths satisfying the con- 
ditions of |DiMi2[ Prop. 3.5]. This allows us to define f |DiMi2[ Def. 
3.7]) the lift W C B^y of W, and the monoid generated by W. We 
denote w ^ w (resp. w H- w) this lift (resp. the projection W — )■ W). 

In particular, we choose a regular eigenvector xi of wip associated 
with the eigenvalue Q, and a path 7 in V^"^^ from xq to Xi satisfying 
those conditions. 

Then, following §2.4.41 above: 

• As in Lemma [2.551 and Lemma [2. 5 7[ we lift w(f to a path w^^a/d 
(abbreviated w) in V^*^^ from the base point xq to {wip){xq) = 
wxq, we denote by (p the automorphism of B^y defined by ip, 
and we have a{w(p)^^a/d = Ad(w) ■ a{ip) . 

• If 

p := w • C/2(w) ip^^^{w) , 

we have p G B^y and p'^ = tt*^". 

• Both w and p belong to B^. 

We will work in the semi-direct product xi {(p) where we have 
(w<^)'' = p and {wcfY = 7r"-(p'^. We denote by Biy(w(/7) (resp. 
B^(w(^)) the centralizer of wcp in Biy (resp. B^). 

We denote by B the variety of Borel subgroups of G and by T the 
variety of maximal tori. The orbits of G on i3 x i3 are in canonical 
bijection with W, and we denote B-^-B' the fact that the pair (B, B') 
belongs to the orbit parametrized by w E W. 

The Deligne-Lusztig variety X^^a is defined as in |BrMi| Def. 1.6 
and §6] (following [Del3j ). It is irreducible; indeed, since w<^ is a root 
of TT, the decomposition of w contains at least one reflection of each 
orbit of ifi, and the irreducibility follows from [DiMi2t 8.4], (it is also 
the principal result of |BoRoj ) . 

Note that if w G W then the Deligne-Lusztig variety X^t^ associated 
to the "braid element" wip is nothing but the classical Deligne-Lusztig 
variety 

X^^ = {B G S I B^B.F} 

associated to the "finite group element" wip. When a is prime to 6 and 
2a < d, by choosing for wcp the a-th power of the lift of a Springer 
element (see [BrMi|. 3.10 and 6.5]) we may ensure that w = w^^a/d G W. 



3.2. Deligne-Lusztig varieties attached to regular elements. 
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We generalize to regular elements a formula of Lusztig giving the 
product of Frobenius eigenvalues on the cohomology of a Coxeter vari- 
ety. 

In what follows we consider the usual Deligne-Lusztig variety X^i^ 
(attached to wip G GhiV)). 

Proposition 3.1. 

Let Wip he a C,d-regular element of Wip. If Tyj^ is an F -stable maximal 
torus of G of type unp, we have 



\ Wip\ 



I 

I Wlp I 



In order to proceed, we reformulate that proposition in terms which 
can be generalized to complex reflection groups; the proof of that re- 
formulation is then immediate by Proposition 12.47( 1). 

Corollary 3.2. 

Let Wip he a C,d-regular element of Wip. We have 

|xCl = dTtv(^^)-^g<^^Deg<. 

Proof offXTl 

The proposition generalizes [Luj 3.3(ii)] and our proof is inspired by 
the argument given there. 
We shall establish a bijection 

X^^ = |b G i3 I b4b.f, B.F^ = b} 
(3.3) ^ 

|(T, B) G r X S I T.F = T , T C B , BAB.f} , 

and the result will follow from counting the above set of pairs. 

Let us check first that last implication. Notice that any maximal 
F-stable torus T which is contained in a Borel subgroup B such that 
is a torus of type wip (see [DeLul §1]). Since all these tori of 
type Wip are G^-conjugate to T, their number is 

|G^| _ 1 |G^| 

I^Vg^t)! " \w{w^)\ |T^| ■ 

To find the number of pairs (T, B) as above, we must multiply the 
above number by the number of Borel subgroups B' such that T C B' 
and B'^B'.F. Given B such that T C B and B^B.F, any other B' 
containing T is B' = ""'B for some w' eW = A^g(T)/T, and B^B.F 
if and only if w' G W{wip). Thus the number of pairs (T, B) as above 

IG^I 



IS 



I'^ILH/J I 

Now we establish the bijection (13. 3p . 
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1. We first show that, whenever B G X^^, there exists a unique 
F-stable maximal torus T such that, for all i > 0, T C B.F*. 

Let B G 'K.u,^, so that B ^ B.F). The sequence 

(B,B.F,...,B.F^) 

defines an element of the variety X^<^d (associated with the "braid 
element 7r(^'^", and relative to F'^) (see |BrMi| §1]). Let Bi be the 
unique Borel subgroup such that 

B ^ Bi B F'^ 

where Wq is the longest element of W, and such that (B,Bi,B.F°') 
defines the same element of X„^d as that sequence. Since B and Bi 
are opposed, T := B fl Bi is a maximal torus. 
Let us prove that, for alH > 0, T C B.F*. 

• Assume first that i < [d/2\. 

If V := wF{w) . . .F^~^{w), then the Borel subgroup B.F* is 
the unique Borel subgroup B' such that 

B A B' Bi . 

Since such a Borel subgroup can be found among those contain- 
ing T, i.e., a Borel subgroup ^ B for some w' E W = Ng{T)/T, 
we have B.F' D T. 

• Now assume i > \d/2]. Since B = B.F"', if we set now 
V := F^ (w) F^~^^ {w) . . . F'^~^{w), we get similarly that the Borel 
subgroup B.F* is the unique Borel subgroup B' such that 

Bi B' A B 

and by the same reasoning we get that B.F* D T. 

Since T = f|i B.F\ it is clear that T is F-stable. 

2. Conversely, if (T, B) is a pair such that T is an F-stable max- 
imal torus of type w(f and B D T, then B ^ B.F and B G X^^^. 
Indeed, let as above (B, Bi, B.F'^) define the same element of X„^d as 
(B, B.F, . . . , B.F'^). Then each B.F^ contains T and by a reasoning 
similar as above, as either Bi = B.F"^/^ if d is even, or Bi is defined by 
its relative position to its neighbours, in each case Bi contains T. As 
both B and B.F'^ are the unique Borel subgroup which intersect Bi in 
T, they coincide. □ 



3.3. On eigenvalues of Probenius. 



46 



MICHEL BROUE, GUNTER MALLE, JEAN MICHEL 



3.3.1. The Poincare duality. 

Let us briefly recall a useful consequence of Poincare duality (see for 
example |Del2] ) in our context. 

Here g is a power of a prime number p, and £ is a prime number 
different from p. 

Let X be a smooth separated irreducible variety of dimension d, 
defined over the field Fg with q elements, with corresponding Frobe- 
nius endomorphism F. Its etale cohomology groups H'^{X,Qi) and 
Hl{X, Qi) are naturally endowed with an action of F. 

The Poincare duality has the following consequence. 

Theorem 3.4. 

For < i < 2d, there is a natural non degenerate pairing of (F)- 
modules 

Hl{X, Q,) X H'^'-^X, Qe) H^/{X, Q,) . 

For n G Z we denote by Qe{n) the Q^- vector space of dimension 1 
where we let F act by multiplication by 

Since, as a Qf(F)-module, we have H'^'^{X, Qe) = Qe{-d) , the Poin- 
care duality may be reformulated as follows: 

For < i < 2d, there is a natural non degenerate pairing of (F)- 
modules 

Hi{X,Qe) X H'''-\X,Q,) Q,{-d) . 

3.3.2. Unipotent characters in position wcp. 

In this subsection and the following until 13. 9^ w will be any element 
of such that the variety Xw<^ is irreducible. 

We will denote by Un(G'^) the set of unipotent characters of G'^ 
and by Un(G^, wcp) those appearing in any of the (compact support) 
cohomology spaces H^(X.^^,Qe). 

We will denote by Id the trivial character of G^, and by 7* the 
complex conjugate of a character 7. 

Since the dimension of X^tp is equal to l{w(p), the Poincare duality 
as stated above 03.41) has the following consequences. 

Proposition 3.5. 

(1) The set of unipotent characters appearing in some (noncompact 
support) cohomology spaces H'^CK^^^Qe) is Un(G^,w(^)*, the 
set of all complex conjugates of elements 0/ Un(G'^, w(/?) . 

(2) For 7 G Un(G^, wc/j), to any eigenvalue X of F^ on the 7- 
isotypic component of HK'X.^^jQi) is associated the eigenvalue 
qSi{^'fi)/X on the -isotypic component 0/ i/2'(^'^)~^(X, Q^). 

Remark 3.6. 

Note that 1 is the unique eigenvalue of minimal module of F^ on 
H*(X.^^, Qi), corresponding to the case where 7 is the trivial character 
in H%X^^,Qe)- 
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Indeed, by Poincare duality it suffices to check that there is a unique 
eigenvalue of maximal module, equal to 

in the compact support 

cohomology i/*(Xw<^, Q^). This follows from the fact that only the 
identity occurs in Hc^^^'^\'K^^,Q£) since X^^s is irreducible, and that 
the modules of the eigenvalues in if"(Xw(p, Q^) are less or equal to g"/^ 
(see for example [DiMiRol 3.3.10(i)]). 

The next properties are consequences of results of Lusztig and of 
Digne-Michel (for the next one, see e.g. |DiMiRo| 3.3.4]). 

Proposition 3.7. 

Let-y G \Jn{G^ ,wip) . Let A he the eigenvalue of on the •y-isotypic 
component of H^iX.^^, Q^). Then X = q^^\ , where 

• is a root of unity independent of i and of wip 

• / = I for some n G N, and the image of f in Q/Z is indepen- 
dent of i and ofwcp. 

3.4. Computing numbers of rational points. 

We denote by T-iiW, x) the ordinary Iwahori-Hecke algebra of W 
defined over C[x, using our previous notation, l-i{W^x) is the 

(x— l)-cyclotomic Hecke algebra such that, for all reflecting hyperplanes 
H oiW, we have Puit, x) = {t-x)(t+l) . Notice that n{W, x) is indeed 
an {x — l)-cyclotomic Hecke algebra for W at the regular element 1. 

We choose once for all a square root ^/x of the indeterminate x. 
Since the algebra 'H{W,x) is split over C{y/x), the specialisations 



lTT(n{W,x)) < — > Itt{W) and Irr(H(W^, x)) M Irr(H(iy, g™)) 



for all m multiple of 6. As a consequence, we get well-defined bijections 



The automorphism cpof^w defined by (p induces an automorphism 
ipx of the generic Hecke algebra, and the field C{^/x) splits the semidi- 
rect product algebra T-LiWjX) xi (ip^) (see |Ma3j ) . Hence the above 
bijections extend to bijections 



- extensions to W xi (ip) of y^-stable characters of W 

- and extensions to T-LiW, q^) x {ipqm) of y^gm-stable characters of 



^ 1 and ^ (gV2)m/5 

define bijections between (absolutely) irreducible characters: 




between 
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Each character x of the Hecke algebra l-iiW^x) defines, by composi- 
tion with the natural morphism 'Q^ — )■ l-LiWjX)^ , a character of 'Qw 
If X is a character of l-LiW^x) x {<^x)) it also defines a character of 
Bi4/ XI (cp) ; in particular this gives a meaning to the expression ^(wc/?) 
for w G BvK- 

For X a V3-stable character of W we choose an extension to x (99) 
denoted x- We define 



vew 

where, for g G G'^ and v G W, 

RvM ■■= $^(-l)*Trace((7 | Hl{X,^,Q,)) . 

i 

Notice then that, for 7 G Un(G^,wc^) the expression 

(7,%)G^Xg'"(w¥') 

depends only on x on 7, which gives sense to the next result 
r piMiRol 3.3.7]). 

Proposition 3.8. 

For any m multiple of 6 and g G G'^, we have 

7eUn(G^",W¥>) xeIrr(VK)¥' 

Let us draw some consequences of the last proposition when w sat- 
isfies the assumptions of Section [XT] (so that w = w^^a/d)- 
Since by assumption we have {wipY = 7T°'(f'^, it follows that 

^2 ^lcm(d,<5) _ ^a.lcm(d,(5)/d ^ 

By [Spetsl , 6.7], we know that 

where, as usual, and are the valuation and the degree of the 
generic degree of x (see Section [2.6.41) . It follows that 

(3.11) Xg'"(wcp) = ;^(u;^)g™'(^)(l-K+^x)AW) 

(the power of q is given by the above equation and the constant in front 
by specialization). 

For all X such that (7,i?^)QF 7^ since the functions a and A are 
constant on families, we have = and A^ = A^. So 
(3.12) 

7eUn(G^,wv5) 
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3.5. Some consequences of abelian defect group conjectures. 

The next conjectures are special cases of abelian defect group con- 
jectures for finite reductive groups (see for example [Brolj ). 

Conjecture 3.13. 

(1) Hf^ := e,„,, HliX^^,Q,) and i^r" := e,_, i/^(Xw^,Q,) 
are disjoint as -modules. 

Let us then set 



(2) is semi-simple on if*(Xw<^, Q^) for all i > . 



W<p 7 




Comparing the Lefschetz formula 

|XCl = J2^-iyTr^ce{gF^ \ Hl{X^^,Qe)) 

i 

with f l3.12p . we see that the preceding Conjecture 13.131 implies 

(1) there is a single eigenvalue Fr^ := \^q^i(yv){i-(a^,+A^,)/i{^)) ^5 
on the 7-isotypic part of ■ Hl(X^^, Qi) , 

(2) is central in U^iX^^) . 

Since |X^^^| G Q, the conjecture implies also: 

(T(Un(G^, w(p)) = Un(G^,wcp) 
Fr:(^) = a(Fr:;) . 

By Poincare duality, there is similarly a single eigenvalue Fr^ of 
F^ attached to 7 on H*{X^^p,Q_() and since by Proposition 13.51 (2) 

Fr^Fr^* = we get 

(3.14) Fr^ = x^q&i{^^){a,+A,)/i(^)_ 

We get similarly that 

F^ is central in n{X^^) := Endc^ H\X^^, 

The next conjecture may be found in )BrMa2] (see also [BrMi] . 
[B?3T] ). 

As in §2.4 above, we denote by w(f a C^-regular element for W, which 
we lift as in §3.1 above to an element wcp such that w and p := {^ivcpY 
belong to B^, and p'' = 7r°"^. We denote by $ the d-th cyclotomic 
polynomial (thus $ G Z[x]). 

Conjecture 3.15. 

The algebra TiciX^ip) is the specialization at x = q of a ^-cyclotomic 
Hecke algebra 'Hw{wip)c{x) forWiunp) overQ, with the following prop- 
erties: 
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(1) Let US denote by Tg the corresponding specialization of the canon- 
ical trace of 'Hw{'Wip)cix) to the algebra Tic^X-MVip)- Then for 
V G Bvi/(w<^), we have 

J2i-^)M^,H\^^^,Qi)) = Deg(i?^^)r,(v) . 

i 

(2) The central element Tz"--^c^i<^'^)/d- = picm{d,s)/s corresponds to the 
action of . 

Let us draw some consequences of Conjecture 13.151 

3.5.1. Consequence of \3.15[ Computation ofTq^iz). 

The following proposition makes Conjecture 13.151 more precise, and 
justifies Conjecture 13.211 below. 

Proposition 3.16. 

(1) Assume that \3.l5[ holds. Assume moreover that a = 1 and that 
d is a multiple of 6. Then 

r,(7r) = d^t^(^v^)-ig<^'' = {C\f"^' • 

(2) Assume that, for I G Aw{w(p), the minimal polynomial of Sj 
onTici^w-fi) is Pjit). Then 

J]P,(0) = (-l)<Tw)d;tvM-^g<" = (-l)<T».)(c-ig)<^\ 

I&Awii'Jip) 
Proof. 

(1) By 13.15( 2). the element tt acts as F'^ on the algebra %c{^w^)- 
Hence by the Lefschetz formula, we have 



and hence by 13.151 we find 
Now by 13.11 we have 



Xf;;| = Deg(i?^>,(7r). 



|X^;| = detv^(^^)-ig^- Deg(i?^^) , 

which implies the formula. 

(2) By f Spetslj 2.1(2)(b)], we know that 

r,(7r) = (-1)<" J] p,(0), 
which implies the result. □ 
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3.5.2. Consequence of \3.15[ Computation of Frobenius eigenvalues. 

Recall that there is an extension L{v) of Q{x) which splits the algebra 
'Hw(yUnp)c{x), where L is an abelian extension of Q and v'' = C~^x ioi 
some integer k. 

Choose a complex number {C~^qY^''- 

Assume Conjecture 13.151 holds. Then all unipotent characters in 
Un(G^, w(^) are defined over L[((~^qY^''], and the specializations 

V i-)- 1 and V i-;- (C'^qY^'' 

define bijections 

f IriiWiwif)) ^ Irr(?^(X^^,Q,)) M Un(G^,wcp) 



(3.17) 



Remark 3.18. 

It is known from the work of Lusztig (see e.g. |Ge2j and the refer- 
ences therein) that the unipotent characters of are defined over an 
extension of the form L(g^/^) where L is an abelian extension of Q. 

Recall that Fr^^ denotes the eigenvalue of on the 7^-isotypic com- 
ponent of if(Xw<^,Q£). Bv Km 2). we have 

p^lcm(a!,<5)/<5 ^ j^^ycm(d,<5)/5 ^ 

Since the algebra 'Hw{unp)c{x) specializes 

• for X = (, to the group algebra of W{wip), 

• and for x = g, to the algebra 'Hc(Xw<^), 

we also have 



Xq 



for some G N/2. 

Comparing with formula 13.141 we find 

= - {a^^ + A^^)/Z(7r)) = {cw - (Sx + A^Y))^a'/d, 

which proves: 

Proposition 3.19. 

Whenever w if is Q-regular and x ^ lTT(W{wip)) , if ■Jx denotes the 
corresponding element in Un(G^,w(^) we have 

^lcm(d,<5)/(5 ^ / \lcm{d,5)/5 ^—{ew — {o,^^+A^^))lcm{d,5)a/d 



3.6. Actions of some braids. 

Now we turn to the equivalences of etale sites defined in [BrMi] and 
studied also in |DiMi3] . For the definition of the operators we refer 
the reader to |BrMij . 
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Theorem 3.20. 

There is a morphism 

^wi'^'P) EndGF(Xw<^) 
V I-;- L)v 

such that: 

(1) The operators Dy, are equivalences of Stale sites on Xw<^- 

The next assertion has only been proved for the cases where 
W is of type A,B or |DiMi2j . It is conjectural in the general 
case. 

(2) The map v i— !■ induces representations 

Pc ■■ QeBwi^<p) 'Hc(Xw¥>) and p : QiBwi^ip) H^K^^) . 

(3) = F'. 

3.6.1. More precise conjectures. 

The next conjecture is also part of abehan defect group conjectures 
for finite reductive groups (see for example |Brol] ). It makes conjecture 
13. 151 much more precise. 

Results similar to (CS) are proved in |DiMiRoj and |DiMi2] for sev- 
eral cases. 

Conjecture 3.21. 

Compact support Conjecture (cs) 

(1) The morphism p^ : Q^Bvi/(wy5) — )► 'Hc(Xw(p) is surjective. 

(2) It induces an isomorphism between 'Hc(Xw(p) and the special- 
ization at X = q of a ^-cyclotomic Hecke algebra 'Hw{w<f)c{x) 
over Q at w(f for W{w(f). 

NONCOMPACT SUPPORT CONJECTURE (nCS) 

(1) The morphism p : QiBwiwcp) — )• T-LCK^^) is surjective. 

(2) It turns H^X.^^) into the specialization at x = q of a ^-cycloto- 
mic Hecke algebra 'Hw{w<f){x) over Q at w(f for W{wip). 

3.6.2. Consequence of \3.21l noncompact support and characters in 
Un(G^,w(p). 

We refer the reader to notation introduced in 13.5.21 in particular to 
bijections 13.171 

We can establish some evidence towards identifying T-LCX.^^) with a 
cyclotomic Hecke algebra of noncompact type. For example, we have 
the following lemma. We denote by A{wip) the set of reflecting hyper- 
planes of W{w(p) in its action on V{wip). 
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Lemma 3.22. 

Assume that H^K^^) is the specialization at x = q of a cyclotomic 
Hecke algebra for the group W{w(p). 

Then whenever I G A{w!f), the corresponding polynomial Pj{t,x) 
has only one root of degree in x, namely 1. If sj is the correspond- 
ing braid reflection in Bvy(w<^), this root is the eigenvalue of Dgj on 
iJO(Xw^,Q,). 

Proof. 

Let X ^ lTT{W{wip)) be a linear character, thus corresponding via 
13.171 to a hnear character Xg of HCK^^). Let / G A{wip), and let S/ 
be the corresponding braid reflection in Bi4/(w(^). Let us set ujjj := 
Xg(s/) so that ujjj = 0,jjq"^''^' where ^ijj is a root of unity and mjjj 
is a rational number. 

The element p = (yvipY is central in Bvy(w(/7). Since W(wip) is 
irreducible (see for example |Bro2t Th. 5.6, 6]) it follows that there 
exists some a G Q such that 

Xg{p) = x{p)YluZ'i- 
I 

Now Xq{p) is the eigenvalue of on the 7;^-isotypic component of 
H*(X.^^,Qe), and we know (see Remark 13.61 above) that there is a 
unique such eigenvalue of minimum module, which is 1, corresponding 
to the case where 7 is the trivial character in H'^(K^^, Qi). 

It follows that there is a unique linear character x of W{wip) such 
that Xq{^) has minimal module for each braid reflection s. Since Dg 
acts trivially on H^pi.^^, Qi) we have Xq{^) = 1; so the unique minimal 
mjjj is 0. □ 

3.7. Is there a stronger Poincare duality ? 

We will see now how (CS) and (NCS) are connected, under some 
conjectural extension of Poincare duality. 

Conjecture 3.23. 

For any v G Bvy(wc/3) and any n large enough multiple of 6, Poincare 
duality holds for -Dv(w(^)", i-G., we have a perfect pairing of D^^^^^n- 
modules: 

Remarks 3.24. 

1. First note that for n large enough v{wip)"' G B^(w<^), so there is 
a well-defined endomorphism D^{yjip)n. Indeed, since (wy?)"- is a power 
of 77 for n divisible enough, the element v(w(^)" is positive for n large 
enough. 

2. The Lefschetz formula which would be implied by 13.231 at least 
holds. Indeed, Fujiwara's theorem (see [DiMiRot 2.2.7]) states that 
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when D is a finite morphism and F a Frobenius, then for n sufficiently 
large DF"' satisfies Lefschetz's trace formula ; this implies that, for 
n large enough and multiple of 6, the endomorphism -Dv(w</3)" satisfies 
Lefschetz's trace formula, since D^y^^y = F^ \s a. Frobenius. 

3. Conjecture 13.231 implies that acts trivially on if''(Xw<^, Q^). 

The following theorem is a consequence of what precedes. It refers 
to the definitions introduced below (see Def. 14. 7p . and the reader is 
invited to read them before reading this theorem. 

Theorem 3.25. 

Assuming conjectures IJTSj r05| 

(1) the algebra T-Ld^Mvifi) is a spetsial ^-cyclotomic algebra of W 
at wip of compact type, and the algebra TiCX.^^) is a spetsial 
^-cyclotomic algebra of W at Wip of noncompact type, 

(2) Tici^Mviis) is the compactification of HCX^^p) , and TiCK^^) is 
the noncompactification of l-ic^Xviip) ■ 

We can give a small precision about Conjectures 13.211 (which will 
be reflected in Definition 14.71 below) using now the strong Poincare 
Conjecture 13.231 

Lemma 3.26. 

Assume \3. 23\ and \3.1$ and assume that Tici^Mvip) is the specializa- 
tion at X ^ q of a Q-cyclotomic Hecke algebra of W{w(p) . 

Let I be a reflecting hyperplane for W (wip) , and ifsj denotes the cor- 
responding braid reflection in Bvi/(w(^), let us denote by uj the eigen- 
value of Ds on ifc'^^'^''(Xw(p, Qf). Assume that vj = Xjq^' where A/ is 
a complex number of module 1 and mi E Q is independent of q. 

Then A/ = 1. 

Proof. 

From [3^23] and [3l22l we get that uj is the unique eigenvalue of maximal 
module of on if*(Xw<^); the eigenvalue of F^ on Hc''^^\Xwip,Qe) 
is also the unique eigenvalue of maximal module (equal to 

As remarked in 13.241 2., for sufficiently large n multiple of S the 
endomorphism Z)s7(w(p)" satisfies the Lefschetz fixed point formula. Its 
eigenvalue on Hc''^^\X-wip-, Qe) is Xjq^' q^"'^^^\ and this is the dominant 
term in the Lefschetz formula. Since the formula sums to an integer, 
this term must be a real number, thus Xj = 1. □ 

Remark 3.27. 

Note that the assumption of the previous lemma on the shape of z// 
is reasonable since we believe that it suffices to prove it in the case 
where W{wip) is cyclic, and in the latter case Ds is a root of F. 

Incidently, assume that W{wip) is cyclic of order c, and let s be the 
positive generator of 'B]y{w(p). Since (wc^)*^ is a power of s, we get 
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4. Spetsial <I>-cyclotomic Hecke algebras 



Leaning on properties and conjectures stated in the previous para- 
graph, we define in this section the special type of cyclotomic Hecke 
algebras which should occur as building blocks of the spetses: these 
algebras (called "spetsial cyclotomic Hecke algebras") satisfy proper- 
ties which generalize properties of algebras occurring as commuting 
algebras of cohomology of Deligne-Lusztig varieties attached to regular 
elements (see §3 above). 

Let K he a. number field which is stable under complex conjugation, 
denoted by A t-)- A*. Let be the ring of integers of K. 

Let V be an r-dimensional vector space over K. 

Let W he a finite refiection subgroup of GL(y) and ip G Ng^v)(}V) 
he an element of finite order. We set G := (V, Wip). 

4.1. Prerequisites and notation. 

Throughout, wip G Wip denotes a regular element. If wip is C- regular 
for a root of unity ( with irreducible polynomial $ over K, we say that 
w(p is ^-regular. 

We set the following notation: 

- V{wip) := keT^{w(p) as a i^'[x]/($)-vector space, 

- W{wLp) := Cw{unp), a refiection group on V{wip) (see above 
Theorem ElO^S)), 

- A{wip) is the set of refiecting hyperplanes of W{wip) in its action 
on V{w(p), 

- ewiwip) := ew{w^) ■ 

Note that K[x\l{(^) contains 'Qw{wip)- 

The next theorem follows from Springer-Lehrer's theory of regular 
elements (cf. e.g. |Bro2t Th. 5.6]). 

Theorem 4.1. 

Assume that W is irreducible. If wip is regular, then W{wip) acts 
irreducibly on V{w(p). 



4.2. Reduction to the cyclic case. 

We relate data for W{wip) with local data for Wi{wip), I G A{w(p). 

So let I G A{w(p). We denote by Wj the fixator of / in W, a parabolic 
subgroup of W. The element wip normalises the group Wj (since it acts 
by scalar multiplication on J), and it is also a ^-regular element for 
Wj. Moreover, the group Wi{w!p), the fixator of the hyperplane I in 
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W{wip), is cyclic. 

W 
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Wr 



W{wip) 



Wj{w(p) 

Thus we have a reflection coset 

Qj ■= (V, Wiwif) . 



Note that 



A{Wi) = {H e A{W) I H n V{w^) = / } . 



The "reduction to the cyclic case" is expressed first in a couple of 
simple formulae relating "global data" for W to the collection of "local 
data" for the family (W7)/g^(„,^), such as: 

' A{W) = y A{Wi) , from which follow 

leAiwtf) IeA{wip) IeA{wip) 



(4.2) 



(4.3) 



Jw = Y\, "^^i ' fro™ which follows 



dety {wip) = Y[ dety ' (wip) . 

I&A{wip) 

Notice the following consequence of (14.21) . where we set the following 
piece of notation: 

ewj{unp) := ewiiwip) , 
which we often abbreviate e/. 

Lemma 4.4. 

(1) Whenever I G A{w(p), ewj{u){p) divides cwj- 

(2) Assume that there is a single orbit of reflecting hyperplanes for 
W{w({>). Then ew{unp) divides cw 

Proof. 

(1) Consider the discriminant for the contragredient representation 
of W on the symmetric algebra ^(V^*) of the dual of V (see [2X2] above), 
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which we denote by Disc^. With obvious notation, we have 

H&A{W) 

By restriction to the subspace V{wip), we get 

Disc;^|y(^^) = W ifiY''-' . 

Since Disc^ is fixed under W, Disc^|y(^<^) is fixed under W{wip). Since 
Disc^ is a monomial in the j7'S) it follows from |Bro2| Prop. 3. 11, 2] that 
Discl^r\v{wip) must be a power of the discriminant of Wi{wip), which 
shows that ewj{w(p) divides ewi- 

(2) If all refiecting hyperplanes of W{wip) are in the same orbit as /, 
the relation ew = 'l2i(z_A(wip) ^Wi may be written in W and in W{wip) 
as 

e^y = N'^l^^fwi and evy(w(^) = N^^^^fwA'^'^) , 
from which it follows that 

ew{w^) ewi{wip) 

□ 

Remark 4.5. 

The conclusion in (2) of Lemma 14.41 need not be true in general. 
For example, consider the case where W = G25 (in Shephard-Todd 
notation), and let w he a 2-regular element of W. Then W{w) = G5. 
It follows that ew = 36 and eiy(w) = 24, so ewiw) does not divide ew- 
Note that Gs has two orbits of refiecting hyperplanes. 

Remark 4.6. 

As a special case, assume that we started with a split coset i.e., 
ip G W, and assume that W acts irreducibly on V. Let us denote by d 
the order of the regular element w of W. 

Then by Theorem 14.11 W{w) acts irreducibly on V{w), hence its 
center ZW{w) is cyclic. Let us choose a generator s of that center. 
Then we have 

(1) s is regular (since s acts as scalar multiplication on V{w)) 

(2) W{s) = W{w) . 



4.3. Spetsial $-cyclotomic Hecke algebras at w(p. 
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4.3.1. A long definition. 

We still denote by $ the ii'-cyclotomic polynomial such that $(C) = 
0, where w(p is ^-regular and C has order d. 
Notice that, by definition 

• w^p acts on V{w(fi) as a scalar whose minimal polynomial over 
K is $, 

• K[x]/{<^) = Kw{w^). 

Definition 4.7. 

A spetsial $-cyclotomic Hecke algebra for W at wtp is a K[x.iX~^]- 
algehra denoted 1-Lw{wip), specialization of the generic Hecke algebra of 
W{vinp) through a morphism a and subject to supplementary conditions 
listed below: 

There are 

- a W{wip)-equivariant family {C,i,3)ieA{wif),j=Q,...,ei-i of elements 

of ^lej , 

- a W{wip)-equivariant family {mjj)ii^_A^(^u)'p),j=o,...,ei-i of nonneg- 

ative elements of . Z , 
I Zi W I 

such that a : ujj i— )> (j jV^^^\"^''3 where v is an indeterminate such that 
y\zw\ _ (^-'^x, with the following properties. 

For each I G A{wLp), the polynomial YV/SQ^{t — uij) specialises to a 
polynomial Pi{t,x) satisfying the conditions: 

(CAl) Pi{t,x) e Kw{wv)[t,x] , 

(ca2) Pi{t,x) = t^' -1 (mod , 

and the following supplementary conditions. 

Global conditions 

(ra) The algebra 'Hw{w(fi) splits over Kw{w<fi)iv)- 
(scl) All Schur elements of irreducible characters ofT-Lw{'W(fi) belong 

to 1>k\x, x~^\. 

(sc2) There is a unique irreducible character Xo of T-Lwiwip) with 
the following property: Whenever x 'is an irreducible character 
of 'Hwi'^V) '^'i^h Schur element S^^, we have S-^^/S-^ e K[x]. 
Moreover, Xo is linear. 

(sc3) Whenever X is an irreducible character of T-Lwiw^fi) its Schur 
element S-^^ divides FegiQ{R'^^) in K[x,x~^]. 

For X 0,1^' irreducible character of l-Lwiw^), we call generic 
degree of x the element of K[x] defined by 

Fegc(i^g^) 
Deg(x) := ^ — ^ . 



Local conditions 
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Whenever I G A{wip), let us denote by 1-Lwi{wip) the parabolic sub- 
algebra of T-Lwiw(p) corresponding to the minimal parabolic subgroup 
Wi{w(p) ofW{w(p). We set G/ := {V,WjW(p). The following con- 
ditions concern the collection of parabolic subalgebras 'Hwii'Wf) (I € 
A{w^)). 

The algebras T-Lwiiw if) have to satisfy all previous conditions (CAl), 
(ca2), as well as conditions (ra), (scl), (sc2), (sc3) that we state 
again now, plus 

• for the noncompact support type, conditions (ncsI), (ncs2), 
(ncs3) stated below, 

• for the compact support type, conditions (csl), (cs2), (cs3) 
stated below. 

Common local conditions 

Notice that the following conditions impose some properties of ra- 
tionality to the local algebra 1-Lwi{wip) coming from the global datum 

G = (y,w^). 

(rA/) The algebra l-Lwjiwip) splits over Kw(w^){y), (where v is an 

indeterminate such that til^^l = (~^x). 
(scl/) All Schur elements of irreducible characters ofHwiiw^) belong 
to 'Lk[x, x~^]. 

(802/) There is a unique irreducible character Xo ofHw^iwip) with the 
following property: Whenever x is an irreducible character of 
with Schur element S^, we have S^i^/ G K[x\. Note 
that since Wj{unp) is cyclic, xi is linear. 

(scSj) Whenever x is an irreducible character of T-LwA'^v) its Schur 
element divides FegQ(i?^^). 

We set e :— ej — ewi{w^)- 

Let us define ai{x), . . . , ae{x) G Kw{wip)[x] (the aj{x) depend on I) 

by 

Pi{t, x)^t^- ai{x)t^-^ + • • • + {-lYae{x) . 
Noncompact support type (ncs) 
We say that the algebra is of noncompact support type if 
(NCSO) Pi{t,x) G K[t,x], 

(NCSi) 1 is a root of Pi{t,x) (as a polynomial in t) and it is the only 
root which has degree in x. In particular ai(0) = 1. 

(NCS2) The unique character Xq defined by condition (sc2/) above is 
the restriction of xo to 'Hwii'W(fi), and is defined by 

Xo(s/) = l. 

In other words, Xo defines the trivial character on ^wi'w^p). 
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(NCS2') We have 

and in particular 

Deg(xo)(x) = (C-M^- . 

(NCS3) Pl{0,x) = {-lyaeix) = -(C"^X)^^/ . 

Compact support type (cs) 

We say that the algebra is of compact support type if 

(cso) For j = 1, . . . ,e, we have (^"^'aj{x) G K[x] . 

(csi) There is only one root (as a polynomial in t, and in some field 
extension of K{x)) of Pi{t,x) of highest degree in x, namely 

iC'x)—. 

(CS2) The unique character Xo defined by condition (802/) above is 
the restriction of xo to T-LwAw^), and is defined by 

Xiisj) = iC'x)^ . 

(CS2') We have 

= Feg(i?Sp , 

and in particular 

Beg{xo){x)^l. 

»rhyp 

(CS3) Pi{Q,x) = (-l)^ae(x) = -{(-^x) . 

4.3.2. From compact type to noncompact type and vice versa. 

Let us first state some elementary facts about polynomials. 

Let P{t,x) = - ai{x)t^-^ + h (-l)^ae(a:) G K[t,x] such that 

P{t,x) = YYj^lit — Xj) , where the Xj are nonzero elements in a suitable 
extension of K{x). 

Assume that P is "C-cyclotomic" , i.e., that P(t, Q = t'^ — 1 . 

Choose an integer m and consider the polynomial 

Then 

e-l 

P^'^\t,x) = l[{t-x'^Xf), 

3=0 

and 

p^'^\t,c)^r%c-'^tr-i)- 
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Define 
We have 

e-l 
j=0 

and 

pM(t,() = r- 1. 

Note that P(t,a;) ^ p[™'^l(t,a;) is an involution. Write p['"'^](t, a;) = 
- + • • • + {-lYbe{x) . 

Remarks 4.8. 

(1) If the highest degree term of ai(x) is {(~^x)"^, then 6i(0) = 
1, and if ai(0) = 1 then the highest degree term of bi{x) is 

ic-'xr. 

(2) If P,(0,x) = -(C-'x)^^/ , then p]'^^/'^'^'(0, x) = -(C-'x)<' , 
and wee versa. 

Let us prove (2). By definition of P^'^'^^{t,x), we have p["*'fl(0, x) = 
(C"^a;)^™P(0,a;), whence 

p[ei^,/e/,Cl(o,x) = (C"^x)'=»'iP(0,a;) . 

Now ewj = A^^^^ + A^^P, so if P(0, x) = -(C"^x)^^/ (resp. if P(0, x) = 

-{(-^xy "^i ), we see that p[^^//^^''^l(0, a;) = -{C^xy (respectively 



The following lemma is then easy to prove. It is also a definition. 

Lemma 4.9. Assume given a W {wip)-equivariant family of polynomi- 
als {Pi{t,x))i(,js,{w^) inK[t,x\. 

For I G Aiwi^), set mi := _ Then: 

(1) If the family {Pi{t^x))i^js,{wip) defines a "spetsial ^-cyclotomic 
Hecke algebra 1-Lw(wip) of W at wip of compact support type" 
then the family (P]™^''''(t, a;))/g^(^t,^) defines a "spetsial ^-cyclo- 
tomic Hecke algebra W^iwip) of W atwip of noncompact support 
type", called the "noncompactification of T-Lwiwip)" . 

(2) If the family {Pi{t,x))ii^_A(wip) defines a "spetsial ^-cyclotomic 
Hecke algebra 'Hy/{wip) of W at W(f of noncompact support 

type" then the family (P]™^'^'(t, a;))/g_4(^(^) defines a "spetsial 
^-cyclotomic Hecke algebra 1-Ly^{w(p) of W at w(p of compact 
support type" , called the "compactificationofT-Lw{w(fi)". 
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4.3.3. A normalization. 

Let l-Lwiwip) be a spetsial $-cyclotomic Hecke algebra of W at wip of 
noncompact type, defined by a family of polynomials (P7(t, x))/g^(^<^). 
We denote by T-C^iwip) its compactification, defined by the family 

In the case where is a Weyl group, the spetsial $-cyclotomic al- 
gebras T-Lw{uif) and T-L^{wip) should have the following interpretation 
for every choice of a prime power q (see §3 above). 

There is an appropriate Deligne-Lusztig variety X^t^, endowed with 
an action of the braid group 3y[/{wip) as automorphisms of etale sites, 
such that 

• {Noncompact type) the element sj G Bwiw'p) has minimal 
polynomial Pi{t,q) when acting on H*(X.^^,Qi), 

• [Compact type) the element (~"^'Sj has minimal polynomial 
Pj"^'^^(t,g) when acting on H*{:S.^^,Qi). 

Remark 4.10. It results from (CA2) in definition 14. 71 that the set {C/jjj 
is equal to /x^^, but we have not yet chosen a specific bijection, which is 
how the data may appear in practice — see the second step of algorithm 
16.41 We now make the specific choice that = Ce^' ^^"^^ ^ choice 
determines the indexation of the characters of T-Lwiwcp) by those of 
W{w(j)). 

With the above choice, we have Pi{t, x) = (t-l) UfJi^ {t - CiiC^x)""''') 
(where m/j > for all j = 1, . . . , e/ — 1, see (NCSl)), and we see that 
the minimal polynomial of Sj on H*(K^^, Q^) is then 

ei-l 

Pj{t, x) := {t - n - OCe7(C"'x)"^-™^-) . 

The polynomial Pj{t,x) is cyclotomic {i.e., reduces to f^' — 1 when 
X H- >• C) if and only if G /Xg^ . That last condition is equivalent to 

C^/ = l z.e., Avy,(^i;<^) = 1. 

Let us denote by T-L^i^wip) the specialisation of the generic Hecke 
algebra of W{wip) defined by the above polynomials Pi(t,x). 
The following property results from Lemma I2.10[ 

Lemma 4.11. ^ 

If G = {V,Wip) is real, then the algebra T-C^iwip) is ^-cyclotomic. 

4.3.4. Rationality questions. 

A spetsial $-cyclotomic Hecke algebra for W{wip) over K is split 
over K{Q{v) where v is an indeterminate such that yl^'^l = by 
Def. |131(Ra). 
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Since lJ-\zw\ — extensions K{(,v)/K{x) and K{v)/K{(^^x) 

are Galois. 

For / G A{w(p), let us set 

ej — 1 ej^l 

p,(i, ^) = n - a(c-'x)-^^o = n - , 

j=0 j=0 



with 



nj j 

mi = 77^-7- where nj j e Z . 
\ZW\ 



Since Pi{t,x) G its roots are permuted by the Galois group 

G3l{K{C,v)/K{C,x)). Let us denote by ^ G Gal(ir(C, t;)/i^(C, a;)) the 
element defined by g{v) = C\zw\v ■ Since g permutes the roots of Pj, 
there is a permutation a of {0, . . . , e/ — 1} such that 

and so 

(4.12) = nj, and = aC|z^| ■ 

Remark 4.13. By Equation 14.121 we see that if j is such that m/j 7^ 
m/j/ for all / ^ j, then = j, which implies that Ci, = Ci,C|w| ' 
hence that riij is a multiple of \ZW\, and so m/j G Z. 

By (SCI), the Schur elements of T-Lwiiwip) (see 12.681) 

belong to -fir[x], hence are fixed by Gal{K{(,v)/K{(,x)), i.e., we have 
S'o-(j) = Sj , or, in other words 

(4.14) (dpit, x)] I ^ . ... = f t^P(t, x; 



4.3.5. Ennola twist. 

Let us choose an element in W^nZGL(V^), the scalar multiplication by 
e G /x(-ft'). Then the element £:w<y9 is $(e~^x)-regular, and we obviously 
have W{ewip) = W{wip). 

Assume given a iy(wv9)-equivariant family (-P/(t, x))/g^(^<^) of poly- 
nomials in K[t,x]. For / G A{wip), set 

ie.Pi)it,x) := Piit,e-'x). 

Note that the map P 1— )■ e.P is an operation of order the order of e. 
The following lemma is also a definition. Its proof is straightforward. 

Lemma 4.15. 
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(cs) Assume that the family (-P/(t, defines a spetsial $- 

cyclotomic Hecke algebra T-Lwiuiip) ofW at wip of compact sup- 
port type. 

The family ((£.-P/)(t, defines a spetsial (^{e^^x)- cy- 

clotomic Hecke algebra of W at ewip of compact support type, 
denoted e.l-iwiwip) and called the Ennola e-twist of T-Lw{unp) . 
(ncs) Assume that the family (-P/(t, defines a spetsial $- 

cyclotomic Hecke algebra l-iw{wip) of W at wip of noncompact 
support type . 

The family ((£^--P/)(t, a;))/g^(u,(^) defines a spetsial ^{e^^x)- 
cyclotomic Hecke algebra of W at ewip of noncompact support 
type, denoted by s-l-iwiwip) and called the Ennola e-twist of 

Remark 4.16. 

Assume that l-iwiwip) is spht over K{Q{v) for some k such that 
k\mK and = C~^x. Then we see that e-Tiwiwip) is spht over 
K{eO{v,) ifv^ = e-'C-'x. 

Thus the field K{e^^'',v) splits both T-Lwiwip) and e.l-Lw{w^)- 



AA. More on spetsial $-cyclotomic Hecke algebras. 

Let T-Lwiwip) be a spetsial $-cyclotomic Hecke algebra attached to 
the C" regular element w(p. 

Note that, unless specified, l-Lwiwip) may be of noncompact type or 
of compact type. 

4.4.1. Computation of u^{tt) and applications. 

Choose a positive integer h and an indeterminate v such that = 
C~^x and such that T-L^^^wip) splits over K{v). 

Whenever x is an (absolutely) irreducible character of Hwiwip) over 
K{v), we denote by Xv=i the irreducible character of W{wip) defined 
by the specialization v ^ 1. 

We denote by the sum of the valuation and the degree of the 
Schur element (a Laurent polynomial) S^{x). 

Since S^{x) is semi-palindromic (see |Spetsl[ §6.B]), we have 



S^{xy = (Constant).x-"^^;,(x) . 
We have (see Lemma [2.641 assuming 12. 60p 

s,{xr = -^^s.ix) . 

From what precedes and by comparing with the specialization v ^ 1 
we get 

(4.17) u^iTz) = t;^"^r(7r) = (C"^x)"^r(7r) . 

• Now in the NCS case we have r(7r) = {(^^x)^w = y^^w 
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• while in the CS case we have T(7r) = {(^~^x)^w'^ = v'^^w^ 
from which we deduce 

Proposition 4.18. 

(1) In the NCS case, u}^{tt) = {(-^x fw+^x = yHN^^^+a^)^ 

(2) In the CS case, uj^{7z) = {C-^x)''w'+-x = yh{N^'+a^), 

Assume that the algebra Hw{wip) is defined over K(x) by the family 
of polynomials 

ej-l 

Pi{t,x) := Hit-Civ^-^''^ 

of Kw(^u)ip)[t,x] and that it splits over K{v). We set 

{N^^ if 'Hw(w(p) is of noncompact type, 
if TLwiwif) is of compact type. 



Nw: 



Any specialization of the type v ^ X where A is an h-th root of unity 
defines a bijection 

Irr {Hwiujif)) Irr {W{w(p)) , 
X ^ Xv=x , 
whose inverse is denoted 

lrr{W{w(p)) lrr{Hw{w(p)) , 

Lemma 4.19. 

Let X G lTT{'HwiuJip))- 

(1) Let p e ZBiY^wip) such that p" = tt" for some a, n e N. Then 

h{Nw + o-y.)a/n G Z . 
// moreover x is rational over K{x), we have 
{Nw + cr^)a/n e Z. 

(2) Whenever A is an h-th root of unity, then 

In particular, 

(3) We have 
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Proof of\4J^ 

By Proposition I4.18[ 

Since p" = tt", it follows that, whenever A G -ft', we have 

Since the character x is rational over K{v), u}^{p) G K{v), which 
implies h{Nw + a^a/n G Z. 

If X is rational over i^'(x) we have uj^ip) G -^'(a;), which implies 
{Niv + a^a/n G Z. This proves (1). 

As A'' = 1, by specializing v ^ \ 'm (*) we find k = u)^^^^{p) . 
Assertion (3) follows from the equality 

□ 



4.4.2. Compactification and conventions. 

Assume now that T-Lw{wip) is a spetsial $-cyclotomic Hecke algebra 
attached to the ^-regular element w(p, of noncompact type, defined by 
the family of polynomials {Pi(t,x))j^yi^^-(^w^) with 

ei-l 

p,(t,x) = ^(^-a(^M"^■0■ 
i=o 

Some notation. 

For I G Awiwip), we denote by S/ the braid reflection around / in 
B\y{w(p), and by Tj the image of S/ in Hw^wip). Thus we have 

ej-l 
j=0 

The map sj i— )■ Tj extends to a group morphism 

We denote by xo the unique linear character of Tiwiuif) such that 
(seeiXH) S^,{x) = {C-'x)-^w'Feg{Rt^){x) . 

Let us denote by T-L^r{wip) the compactification of Tiwiwip). By 
definition, T-L^r{wip) is generated by a family of elements (Tf )/g_4^y(^t,^) 
satisfying 

'li (T;-Ce7(rvr™-) = o, 

where rrij := ey/il^i- The map Sj H- extends to a group morphism 
B^^(«;^)->•H^(u;^)^ 6 ^ T^ 
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We denote by Xo,c the unique linear character of 'H'^{wip) such that 
(seeim]) = Feg(i?^^) . 

For the definition of the opposite algebra ^{^(wf/))"^, the reader may 
refer to |Spetsl[ 1.30]. 

Finally, we recall (see introduction of Section 2) that for P{x) G 
K[x,x-^], we set P(x)^ := P{x-^y . 



Proposition 4.20 (Relation between l-iy^iwip) and 'H'^iwip)). 

(1) The algebra morphism 

defined by 

Ti ^ {C^xY"{T})-^ 

is an isomorphism of algebras. 

(2) There is a bijection 

Irr -Hwiw^) ^ Iri'Hwiw'^) , X ^ x''' , 
defined by 

X"^(T,) := XoATt)x{n-i) whenever b G Bw{wip) . 

We have (xo.c)"'' = Xo ■ 

(3) By specialisation v 1, x one? x^^ become dual characters of 
the group W{wip): 

x"i.=i = (xur ■ 



(4) Assumina \2.6(A we have 

(a) SM^) = s^{xy = ic-'x)--^s^{x) , 

(b) a^nc + cr^ = . 

Proof. 

(1) and (2) are immediate consequences of the definition of H^lwip). 
(3) follows immediately from the definition of the correspondence, since 
Xo,c speciahses to the trivial character. 

By Theorem-Conjecture 12.601 the generic Schur elements are mul- 
tihomogeneous of degree (we recall that this is proven, for example, 
for all imprimitive irreducible complex refiection groups — see 12.651 
and 12.661 above), so by construction of the compactification we have 
Sy^nc(x) = S^{xy . The assertion (4) (a) follows from 14.171 and the as- 
sertion (b) is obvious. □ 
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Let US recall (see I4.3.ip that 

Deg(x) : = 



We denote by 6^ (resp. 6^nc) the sum of the valuation and of the 
degree ofDeg(x)(a;) (resp. of Deg(x'^'^)(a;))- 

Lemma 4.21. 

(1) We have 

6^ = N^'-a^ and Deg(x)(x)^ = (rM"'"Deg(x)(x) , 
6^n.=N^'-a^n. and Degixm^^ = iC'x)-'--Deg{xn{^) ■ 

(2) We have 

Begixm^) = {C-'xf-'-'-Degix){x) = (C-^x)'^>^Deg(x)(x) . 
Proof. 

(1) is immediate. To prove (2), notice that 

Feg{R^^){xy _ {C'xy''wFeg{R^^){x) 



Deg(x)(a;) 



= (C-^x)-^- Deg(x°^)(x) 
and (2) results from (1). □ 

The case W{wip) cyclic 

We assume now that W{wip) is cyclic of order e. Let s be its dis- 
tinguished generator, and let s be the corresponding braid reflection in 
Bw{wLp). 

Let l-iwiwip) be a spetsial $-cyclotomic Hecke algebra of compact 
type associated with wip, defined by the polynomial 

e-l 

i=o 

where rrij are nonnegative rational numbers such that emj G M. We 
have mo = ev^/e > rrij for all j. 

Let us denote by v an indeterminate such that f = C"^^;, so that 
the algebra l-iwiwip) splits over K{v). 

For each j, we denote by Oj the character of W{wip) defined by 

The specialization f i— )■ 1 defines a bijection 

Irr {W{wip)) -> Irr {Hw{w(p)) , 

9, ^ , 



70 MICHEL BROUE, GUNTER MALLE, JEAN MICHEL 

by the condition 6f\s) := Qv'^"^^ We set aj := a^iv) . 

Let 'H'^{wip) be the noncompactification of Tiwiunp), defined by the 
polynomial 

e-l 
3=0 

We denote by 0^^'^'^'^ the character of 'H'^lwip) which specializes to 
e.j for v = l. So ef^'^^'is) = We set af := a^M.nc 

Lemma 4.22. 



aj =emj - N^^ , 



a- 



e{m-mj)- N^"" = N'^^ - errij 



Proof. 

Let Sj be the Schur element of T-Lw{w(p) corresponding to 6j'\ By 
definition, the integer aj is defined by an equation 

for some complex number A. 

On the other hand, it results from 12.691 and from Definition 14.3.11 
(ncs3) and (cs3), that 

s,{xy = v-'""^"-^^^' s,{x) , 

proving that CTj = enij — A^^^ and cr^^ = e(m — rrij) — A^^^. Since 
em = iVj^P + iV^^f, we deduce that = A^^^ - emj . □ 

A generalization of the cyclic case 

We shall present now a generalization of Lemma 14.221 to the general 
case, where wip is a ^-regular element for W, and W{wip) not neces- 
sarily cyclic. 

Let T-iwiwif) we a spetsial <l>-cyclotomic Hecke algebra (either of 
compact type or of noncompact type) attached to wip, defined by a 
family of polynomials 

ei-l 

Pi{t,x) = \{{t-cuc-'xr'^^ 

Any linear character x of Hwiwip) is defined by a family (j/,^) where 
/ G Awiwip) and < j/,^ < — 1 such that, if s/ denotes the braid 
refiection attached to /, we have 

Whenever I G Awiwip), we denote by ui the cardinality of the orbit 
of I under W{wip). 
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Note that the second assertion of the following Lemma reduces to 
Lemma [4.221 in the case where W{wip) is cyclic. 

Lemma 4.23. 

(1) Whenever x a linear character ofHwiwf) , we have 

(2) We have 
Proof. 

The assertion (2) follows from (1) and from 14.181 Let us prove (1). 
From [BrMaRol 2.26], we know that in the abelianized braid group 
Bw/[Bw, Bw], we have tt = UieAwi^v) ^7 ' "^^^ch implies (1). □ 

4.4.3. Ennola action. 

If is a finite reductive group, with Weyl group W of type C„, 
D2n, Et, Es, F4, G2, then "changing x into — x" in the generic degrees 
formula corresponds to a permutation on the set of unipotent charac- 
ters, which we call Ennola transform. The Ennola transform permutes 
the generalized d-Harish-Chandra series (see [BrMaMi] ) . sending the mi- 
series (corresponding to the cyclotomic polynomial <l>d(a;)) to the series 
corresponding to the cyclotomic polynomial $rf(— x). We shall now in- 
troduce appropriate tools to generalize the notion of Ennola transform 
to the setting of "spetses" . 

Throughout this paragraph, we assume that the reflection group W 
acts irreducihly on V . Its center ZW is cyclic and acts by scalar mul- 
tiplications on V . By abuse of notation, for z G ZW we still denote by 
z the scalar by which z acts on V . We set c := \ZW\. 

We define an operation of ZBw on the disjoint union 

y In (nwizwif)) . 
zezw 

Let zo be the positive generator of ZBw- For z G Z^w, we denote 
by z its image in ZW. There is a unique n (0 < n < c — 1) such that 

z = C- 

The element w'ip := zw(f is then (' := ^(^-regular. We have K{() = 
K{(') and the algebra Tiwizwip) is split over K{(){v') where v' := Chc'^- 
We have v' = ('~^x , and thus K{v) = K{v'). 

Consider the character ^ defined on ZBw by the condition 

^ : Zo t-> Cfec = exp {2Txi/hc) , 
so that ^(z) = Q^. Note that ^(z^) = z. 
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Notice that if l-iw{wip) is a spetsial $(x)-cyclotomic Hecke algebra 
attached to a regular element wip G Wip, then the algebra z.l-Lwiwp) 
(see Lemma I4.15P is a spetsial $(2;~^x)-cyclotomic Hecke algebra at- 
tached to the regular element zwip G Wip. 

Definition 4.24. 

For X G Irr {HwiuKp)), z G Z'Qw aiT'd so z = ^{z^), we denote by z.x 
(the Ennola image of x under z) the irreducible character ofHw^zwip) 
over K{v) defined by the following condition: 



In particular, the element tt = Zq defines the following permutation 



so it acts on IriiJ-L^y^wip)) as a generator of G3l{K{v)/ K{x)). 
Lemma 4.25. 

Let p be an element of Z'Q\Y{wip) (hence of Z'Qy/{zwip)) such that 
p" = tt" for some a, G N. Then for z G ZBw O'nd x ^ Irr {Hw{w^)) 
we have 



{Z.x)v=i{7.) = Xv=l ■ 

In other words, the following diagram is commutative: 

liriHwiujLp)) liriT-Lwizwip)) 





Itt{W) 




(1) C.Z.X„..(P) = ^(z)^^W+'^^)^/"c.,„^,(p) , 

(2) a;,.^(p) = a;^(p)e(z)-'^«^^+'^xWn. 



Proof. 



By Definition 14.241 we know that 



Xv=i '^z-Xt.=5(z) • 



Thus by Lemma [4.19( 2). we get 



z-Xf=i 



(P) 



from which (1) follows. 



Now (2) follows from (1) and from Lemma [4.19( 1). 



□ 



Proposition 4.26. 

Let X G Irr (T-Lwiujip)). 
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(1) The character X takes its values in K{x) if and only ifir-x = X ■ 

(2) Assume x is such that tz ■ x = X- Then for all p G Z'Qw{wip) 
such that p" = Tz^ , we have 

Remark 4.27. 

Consider for example the case of the Weyl group of type Ej, and 
choose i^' = Q, C = 1, wip = 1. The algebra Tiwi^) is then the "usual" 
Hecke algebra over Z[a;, x~'^], and we have h = 2. We set x = v"^. 

All the irreducible characters of Tiwi^) are Q(a:)-rational, except for 
the two characters of dimension 512 denoted 05i2,ii and 05i2,i2, which 
take their value in Q[f]. The Galois action of tt is given by f h- )■ —v, 
and we have tt ■ 05i2,ii = 05i2,i2- 



Proof of^M 



(1) follows as TT acts as a generator of Ga\.{K{v) / K[x)). 

(2) Applying Lemma 14.251 above to the case 7, = iz gives 

w^.x(p) = Wx(p)Ch , hence ' = I ^ 

from which the claim follows. □ 

Remark 4.28. 

By Lemma [4.21^ 1). we know that = — 5^ , which implies that 

lb lb 

Since ew— is the length of p, it lies in Z, and so, as elements of Q/Z, 
n 

we have 

In other words, the knowledge of the element {N^"^ + cr^)— as an 
element of Q/Z is the same as the knowledge of the root of unity 



AAA. Frobenius eigenvalues. 

Here we develop tools necessary to generalize to reflection cosets 
Proposition I3.19[ where we compute the Frobenius eigenvalues for uni- 
potent characters in a principal wip-seiies. 

We resume the notation from §2.4.41 

• wip is a regular element, $ is the minimal polynomial of ( 

over K, and we have ( = exp{2TTia / d) , 

• we have an element of the center of the braid group 
'Bwi'Wip) which satisfies p^J^/^ = tz"-^. 
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We still denote by Tiwiwip) a spetsial $-cyclotomic Hecke algebra 
associated with wip, either of compact or of noncompact type. 

Notation 4.29. 

Whenever x is an (absolutely) irreducible character of T-Lwiuap) over 
K{v), we define a monomial Ftw^'''^''\x) in v by the following formulae: 

p^(p^,a/d)^^^j I C'^''^''"/'^Wx(P7,a/d) for Hwiwip) of compact type, 

1 uJxiP-y.a/d) for T^wiwip) of uoucompact type. 

When there is no ambiguity about the ambient algebra, we shall note 
Fr(P7,./rf)(;^) instead of Yi-^;'''"\x). 

Since pt^g^j^ = tt"^", the following lemma is an immediate corollary 
of Lemma I4.19[ Recall that we denote by h the integer such that 
C~^x = v^. 

Lemma 4.30. 

Whenever A is an h-th root of unity we have 

C'^^a;;^„^^(p)(A~^t;)''(^^'''+'"^)^ (compact type), 
Wx^,=a(p)('^ "^'^)''^^^^^'^''''^ (noncompact type), 



Yt^P'i,"-/''^ (x) - 
and in particular 

YY^Pl,0./d) — 



C^^^ ujx^^^{p)v^^^'^''^''''^^i (compact type), 
0Jx^^^{p)v^'^^^^^'^"^^^ (noncompact type). 



The above lemma shows that the value of Fr'-^'T'"/'*-' (x) does not de- 
pend on the choice of 7. 

If we change a/d (in other words, if we replace p^^a/d by P'y^a/d'^"'^)^ 
we get (in the compact case): 

(4.31) Fr^''^'''/'«''"''^(x) = ("(^J?'''+'^^)"'^Fr^''^>''/'«^(x) 

If we force p^^a/d be as short as possible {i.e., if we assume < 

a < d), the monomial Ft^^^''^^'^\x) depends only on x- In that case we 
denote it by Fr^^(x). 

Notice that if x is -ft'(x)-rational, or equivalently if tt ■ x = X (see 
I4.26p . we have u^^p^^^i^) G K{x), and Fr^''T'"/''''(x) is a monomial in x. 

Definition 4.32^ 

Assume x is K{x) -rational. Then the Frobenius eigenvalue of x is 
the root of unity defined by 

fr(x) := Ft^MU=i- 

Proposition 4.33. 

Let X be an irreducible character of the algebra 'H'^{wip) of compact 
type. Assume that x is K{x) -rational. 
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(1) We have 

(2) For the corresponding character x'^'^ of the associated algebra of 
noncompact type, we have 

Proof. 

It is direct from Lemma 14.301 □ 

A definition for general diaracters 
Comment 4.34. 

In the case of a character x which is not i^(x)-rational, we can only attach 
a set of roots of unity to the orbit of x under Gal{K (v) / K (x)) . 

Consider for example the case of the Weyl group of type Ej, and choose 
wip := wq, the longest element. Then the algebra Tiwiwo) has two irrational 
characters, say xi and X2, which correspond to two unipotent cuspidal char- 
acters of the associated finite reductive groups (these characters belong to 
the same Lusztig family as the principal series unipotent characters Px5i2 n 
and Px5i2,i2)- 

These two unipotent cuspidal characters can be distinguished by their 
Frobenius eigenvalues, which are i and —i. 

Here we shall only attach to the Galois orbit {xi, X2} the set of two roots 
of unity {i, —i}. 

From now on, in order to make the exposition simpler, we assume 
that T-Lwiw^p) is of compact type. 

Let X £ Iti{T-Lw{w({>)). Let k denote the length of the orbit of x 
under tt. It follows from 14.2^ that 

hence d divides k{N^'^ +ay^5. Thus {N^^^ +ax)5a/ d defines an element 
of Q/Z of order k' dividing k. 

We shall attach to the orbit of x under tt an orbit of roots of unity 
under the action of the group /x^/, as follows. 

Choose a k-th root Co of C, and set xq := (qv'^^'^ so that v'^^'' = CcT^^o- 
Then we have 

where k{N^^ + a^)6a/d G Z. 

By Lemma 11301 we see that Fr^„^(x) is a monomial in xq. 

We recall (see Remark 14.281 above) that, as an element of Q/Z, we 
have (A''^'' + <Jx)^ = ~'^xT' ^^^^ defined by the root of unity 
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Definition 4.35. 

If X has an orbit of length k under tt, we attach to that orbit the set 
of roots of unity defined as 

fr(x) = {Fr^^(x)Uo=i A^«''+'^'^)^ ; (A G /x,)} = Fr^^(x)Uo=i M.' , 
with k' the order of the element o/Q/Z defined by 

(in other words, k' is the order of (^^^^). 
Remark 4.36. 



The set fr(x) is just the set of all k'-th roots of (Ftw^{x)\xo= 



■1) 



\k' 



A computation similar to the computation made above for the ra- 
tional case gives 

Proposition 4.37. 

Let X be an irreducible character of the algebra T-L^r^WLp) of compact 
type. Assume that x has an orbit of length k under tt, and that (A''^'' + 
a^)^ has order k' in Q/Z. 

The set of Frobenius eigenvalues attached to that orbit is the set of 
all k'-th roots of 

Definition 4.38. 

For X o-n irreducible character of the compact type algebra 'H'^{wnp), 
the set of Frobenius eigenvalues attached to the orbit of the correspond- 
ing character x^'^ of the associated noncompact type algebra is 

h{xn = HxT , 

the set of complex conjugates of elements o/fr(x). 

4.4.5. Ennola action and Frobenius eigenvalues. 

Let us now compute the effect of the Ennola action on Frobenius 
eigenvalues. Recall that we assume T-Lwiunp) to be of compact type. 

We start by studying the special case of the action of the permutation 
defined by tt on Irr (T-LiY^wip)). 

Lemma 4.39. 

For p = p^^a/d '^^ above, whenever x ^ Irr (J^wi^ip)), we have 



Ft^ ix) = FrPi7z.x)x' 



Proof of\l39 



On the one hand, by Definitions 14.241 and 14.291 we have 
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Proposition 14.181 gives that 

Morever, = (^(^^yi'^) = 1 since {w(fY is a C^-regular element of W 



(see the second remark following I2.3p . It follows that 

On the other hand, by definition 
By Lemma [4.25[ and since ^(tt) = ^(zq) = exp(27ri//i) , this yields 
hence 

Fr''(7r.x) = (C'('')u;,(p))C(<^'^+-^)^ 
The lemma follows. □ 

Now we know by fl4.3ip that 

Fr^-^X) = r^^^^^'^^^^Fr-W , 
which implies by Lemma [4.391 



Fr''(7r.x) = C(^-"+'^-)'Fr''(x) 



X 



The following proposition is now immediate. Note that its statement 
contains a slight abuse of notation, since for x a -ft'(x)-rational charac- 
ter, fr(x) is not a set — it has then to be considered as a singleton. 

Proposition 4.40. 

fr(7r ■ x) = {C^^-'+'^^^'A ; (A G fr(x)) } . 

Let us now consider the general case of Ennola action by an element 
z G Z'Bw- By Lemma [4.25[ we have 

Fr:l';(z ■ x) = «)'(^''')c...,(zV) 

hence 



Since Fr^^^(z-x) = Fr2^t,<^(z-x) up to an integral power of 
(see ( I4.3ip ). what precedes proves the following proposition. 
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Proposition 4.41. 



Up to an integral power of (^(^)(^h?''+°"x)'5^ yj^ have 



Ft 



z"p / 

ZWip \ 



X) 



FC(X) 



Xv = l ' 



4.5. Spetsial data at a regular element, spetsial groups. 

4.5.1. Spetsial data at a regular element. 

Definition 4.42. Let G = (y,W,ip) be a reflection coset and let w(p 
be a ^-regular element ofWip. 

We say that G = (V, PF, ^) is spetsial at $ (or spetsial at wip) if 
there exists a spetsial ^-cyclotomic Hecke algebra ofW at wip. 

We are not able at the moment to classify the irreducible reflection 
cosets which are spetsial at an arbitrary cyclotomic polynomial But: 

• One can classify the irreducible split reflection cosets which are 
spetsial at x—1 : they are precisely the spetsial reflection groups 
(see Proposition 14.441 below) . 

• If G = (V, W) is a split spetsial reflection coset on K, and if w is 
a <l>-regular element of W, then (y{w), W{w)) is spetsial at $ : 
for W primitive, this will be a consequence of the construction 
of the spets data associated with G (see §5 below). 

4.5.2. The 1-spetsial algebra Tiw- 

Let us now consider the special case where w(p = Idy- 

Definition 4.43. 

Let W be a reflection group. We denote by T-Lw (resp. T-L^) the 
algebra defined by the collection of polynomials PHit,x)H£Aiw) where 

Pnit, x) = it- x)(r«-^ + ■ ■ ■ + t + 1) 

{resp. Pnit, x) = {t - l){t^"-^ + ■■■ + tx^"'^ + x^"'^) ) . 

Proposition 4.44. 

Let G = (V, W) be a split reflection coset. 

(1) There is at most one 1-cyclotomic spetsial Hecke algebra 'HwO-dy) 
of compact type (resp. of noncompact type), namely the algebra 
Hw (resp W^). 

(2) (V, W) is spetsial at 1 if and only if it is spetsial according to 
jMi2l §3.9]. 

Proof. 

We only consider the compact type case. 

(1) Since wip = 1, we have W{ip) = W, A{wip) = A, and for each 
HeAwe have Cwh/^h = 1- 
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Hence by Definition \4.7\ (CAl), we have Pf/(t,x) G K[t,x], and by 
Definition 14.71 (csl), we see that Puit^x) is divisible by {t — x) and 

Pnit.x) = {t-x)QH{t) 

for some Quif) € K[t]. 

By Definition HTl (ca2), we see that Qnit) = {t^"~^ + ■ ■ ■ + t + 1). 

(2) If the algebra T-Lw is a 1-cyclotomic spetsial Hecke algebra, it 
follows from Definition 14.3. 1[ Global conditions, (scl), that its Schur 
elements belong to K{x). This shows that (V, W) is spetsial according 
to jM^ §3.9] by condition (ii) of jM^ Prop. 3.10]. 

Reciprocally, assume that (V, W) is spetsial according to |Ma2[ §3.9]. 
Then we know that all parabolic subgroups of W are still spetsial ac- 
cording to |Ma2[ §3.9] (see e.g. |Ma4[ Prop. 7.2]). The only properties 
which are not straightforward to check among the list of assertions 
in Definition 14.3.11 are the properties concerning the splitting fields of 
algebras. Since the spetsial groups according to |Ma2t §3.9] are all 
well-generated, these properties hold by |Ma3t Cor. 4.2]. □ 



4.5.3. Spetsial reflection groups. 

Let (V, W) be a reflection group on C. Assume that the correspond- 
ing reflection representation is defined over a number field K (so that 
Qw C K). 

The algebra Tiw has been defined above fl4.43p . 
Let V be such that t)l^('^)l = x. Whenever x is an absolutely irre- 
ducible character of the spetsial algebra T-Lw: 

• we denote by 5"^ the corresponding Schur element (so S^^ G 

K[v,v-']), 

• We denote by 1 the unique character of Tiw whose Schur el- 
ement is the Poincare polynomial of W (see Definition 14.71 
(cs2')). The degree of a character x of Tiw is (see Definition 
K7\ (sc3)) 

FegjRf) 
Deg(x) = — g 

and in particular Deg(l) = 1 . 
The following theorem (see |Ma4t Prop. 8.1]) has been proved by a 
case-by-case analysis. 

Theorem 4.45. 

Assume Theorem-Conjecture \2. 6^ holds. 
(1) The following assertions are equivalent. 

(i) For all x ^ Iri'('HvF); we have Deg(x)(w) G K{x). 

(ii) W is a product of some of the following reflection groups: 

- G{d, 1, r) {d, r>l), G{e, e, r) (e, r>2), 

— one of the well- generated exceptional groups Gi with 
4 < i < 37 generated by true reflections, 
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4, Cr6; Crg, U^u, (-^25; *-^26) <-^32- 

(2) // the 'preceding properties hold, then the specialization Si{x) of 
the generic Poincare polynomial equals the "ordinary" Poincare 
polynomial ofW: 

r 

where r = dim\^ and di, . . . ,dr are the degrees ofW (see \2.1.5\) . 
Remark 4.46. 

• A spetsial group of rank r is well-generated, but not all well- 
generated reflection groups of rank r are spetsial. 

• From the classification of spetsial groups, it follows that all 
parabolic subgroups of a spetsial group are spetsial. 

4.5.4. Rouquier blocks of the spetsial algebra: special characters. 

Let G = (V", W) be a spetsial split reflection coset on K. 

For 6 G Irr(l^), we recall (see I2.25P that the fake degree Yeg^i^Re) 
of the class function Rg on W (which in the split case coincides with 
9) is the graded multiplicity of 9 in the graded regular representation 

Let l-iw be the 1-cyclotomic spetsial Hecke algebra (see Proposition 
I4.44p . Let us choose an indeterminate v such that yl^^l = x. We 
denote by 

Irr(l^) ^ \Ti{V-w) , 9^xe, 
the bijection defined by the specialization f i— )■ 1. 

Notation 4.47. 

For 9 G Irr(W^) we define the following: 

(1) ag and Ag : 

• we denote by ag the valuation of Deg{xe) {i-e., the largest 
integer such that x~°''Deg(xe) is a polynomial), 

• and by Ag the degree of Deg(x0), 

(2) bg and Bg : 

• we denote by bg the valuation of FegQ^Rg), 

• and by Bg the degree of FegQ^Rg). 

Definition 4.48. 

We say that 9 G Irr(PF) is special if ag = bg. 

Let us recall (see Theorem I2.8ip that ag and Ag are constant if xe 
runs over the set of characters in a given Rouquier block of IttIHw)- 
Then if jB is a Rouquier block, we denote by ag and A^ the common 
value for ag and Ag for xe ^ 

The following result is proved in |MaRot §5] (under certain assump- 
tions for some of the exceptional spetsial groups), using essential tools 
from [Mail §8]. 
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Theorem 4.49. 

Assume that W is spetsial. Let B be a Rouquier block ("family") of 
the 1-spetsial algebra l-Lw 

(1) B contains a unique special character xoo- 

(2) For all such that xe G B, we have 

as < bo and Bq < Aq . 
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5. Axioms for spetses 



Our goal is to attach to G = (V, Wip) (where Pi^ is a spetsial reflection 
group) an abstract set of unipotent characters of G, to each element of 
which we associate a degree and an eigenvalue of Frobenius. In the case 
where G is rational, these are the set of unipotent characters with their 
generic degrees and corresponding eigenvalues of Frobenius attached to 
the associated reductive groups. 

These data have to satisfy certain axioms that we proceed to give 
below. 

We hope to give a general construction satisfying these axioms in a 
subsequent paper. For the time being, we only know how to attach 
that data to the particular case where G has a split semi simple part 
(see below §6); the construction in that case is the object of §6. 

5.1. Axioms used in §6. 

5.1.1. Compact and non compact types: Unipotent characters, degrees 
and eigenvalues. 

Given G as above, we shall construct two finite sets: 

• the set Uch'^(G) of unipotent characters of compact type, 

• the set Uch(Gnc) of unipotent characters of noncompact type, 

each of them (denoted Uch(G) below), endowed with two maps 

• the map called degree 

Deg : Uch(G) K[x] , p ^ Deg(p) , 

• the map called Frobenius eigenvalue and denoted Fr, which as- 
sociates to each element p G Uch(G) a monomial of the shape 
Fr(p) = Xpx'^'' where 

— Ap is a root of unity, 

— Up is an element of Q/Z, 

with a bijection 

Uch"(G) ^ Uch(Gnc) , P^ p''^ 

such that 

(1) Deg(p'^") = x^wBegip)'' , 

(2) Fr(p)Fr(p°^) = 1 , 

and subject to many further axioms to be given below. 

In what follows, we shall construct the "compact type case" Uch'^(G) 
(which will be denoted simply Uch(G)). The noncompact type case can 
be obtained using the above properties of the bijection p i— )■ p'^'^. 
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5.1.2. Basic axioms. 
Axioms 5.1. 

(1) // G = Gi X G2 (with split semi-simple parts) then we have 
Uch(G) ~ Uch(Gi) X Uch(G2). // we write p = pi ® p2 this 
product decomposition, then Fr(p) = Fr(pi)Fr(p2) and'Deg{p) = 
Deg(pi)Deg(p2). 

(2) A torus has a unique unipotent character Id, with Deg(Id) = 
Fr(Id) = 1. 

Axiom 5.2. 

For all p G Uch^(G), Deg(p) divides |G|c. 
For all p G Uch(Gnc), Deg(p) divides |G|nc 

Axiom 5.3. 

There is an action of NQ^v)iWip)/W on Uch(G) in a way which 
preserves Deg and Ft. 

The action mentioned above will be determined more precisely below 
by some further axioms (see I5.16( 2)(a)). 

Remark 5.4. 

We recall that parabolic subgroups of spetsial groups are spetsial 
(see 1123 above). For a Levi L of G, we set := Nwm/Wi^ ■ We 

have by 15.31 a well-defined action of iy(G(L) on Uch(L), which allows us 
to define for A G Uch(L) its stabilizer W^g(L, A). 



5.1.3. Axioms for the principal ^-series. 
Definition 5.5. 

Let C ^ A* (^iT-d let $ its minimal polynomial on K (a K-cyclotomic 
polynomial) . 

(1) The (^-principal series is the set of unipotent characters of G 
defined by 

Uch(G, C) := {p e Uch(G) I Deg(p)(C) ^ } . 

(2) An element p G Uch(G) is said to be ^-cuspidal or $-cuspidal 



Deg(p)c 



\ZGU 



Let us recall that, given a spetsial ^-cyclotomic Hecke algebra (either 
of compact or of noncompact type) l-Lwiwip) associated with a regular 
element wip, each irreducible character x of 'Hwiwip) comes equipped 
with a degree Deg(x) and a Frobenius eigenvalue Fr(x) (see §4 above). 
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Axiom 5.6. 

Let w(p G W(f be (-regular. There is a spetsial (-cyclotomic Hecke 
algebra of compact type ^^{wip) associated with w(f, a bijection 

IrriHwiwip)) ^ Uch^(G, C) , X ^ Px . 

and a collection of signs (£^x)xGirr{Wiv(M;v5)) sttc/i that 

(1) that bijection is invariant under the action of NQ^y^{W(p)/W , 

(2) Deg(pJ = e^mgix) , 

(3) Fr(p^) = Fr(x) mod . 

Remark 5.7. 

By I4.7r sc3). we see that condition (2) above is equivalent to 



X n 



5.1.4. On Frobenius eigenvalues. 

For what follows, we use freely §4, and in particular §4.4.41 

We denote by v an indeterminate such that T-Lwiwip) splits over C(f ) 

and such that = C~^x for some integer h. Then the specialization 

t> I— !■ 1 induces a bijection 

Itt{W{w(p)) ^ liiiT-Lwiwif)) , 6 xe- 

Assume ( = exp{27iia/d) and let p G Z'Bwiwip) be such that p'^ = 
T^j-^en we have the following equality modulo integral powers of x : 

Fr(p,J=Fr''(x.) = C'^''^,(p) 

(5.8) = C'^P^iOe{p){C'xf''^-^^''-o+^'-o^^ 

= UJg{p){C^xy'^''''^o^'^''''o'^^ . 



The last formula should be interpreted as follows: for the power of x, 

Pxe ^ ^PX0 ) l(7r) 



one should take — (ap +^p„ modulo 1, and if xe has an orbit un 



der TT of length fc, then Q°'''xe ''^e > k^) should be interpreted as attribut- 

ing to the elements of the orbit of xe the k-th. roots of C, pxe'Tj^ 
a well-defined expression since the exponent is integral. 

5.1.5. Some consequences of the axioms. 



1. Let us recall (see 15.71 above) that 

Deg(xe) 



Feg(i?^<^) 



Since CHwiwip) specializes to CW{w(p) for t> i-> 1, we have 

\W{mp)l 
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We also have Feg(i?^<^)(C) = \W{w(f)\ (see Proposition [2331 (2)). Thus 
we get 

(5.9) Deg{p^,m = e^^l) . 



2. Let us denote by Tw{wip) the canonical trace form of the algebra 

By definition of spetsial cyclotomic Hecke algebras (see Definition 
\A.7\ (sc3)), we have the following equality between linear forms on 
C{x)'Hw{uiip): 

Feg{R^^)Twiwip) = ^ Deg(x)x, 

and taking the value at 1 we get 

Feg(i?^^) = Yl x(l)Deg(x) 

^xX(l)Deg(p^) . 

X&rrCHwi-wp)) 

Using the bijection 

lrr{W{wip)) ^ lTr{nw{w(p)) , ^ Xe , 
and setting Eq := e^^ for 9 G liriW^wip)), we get 

(5.10) Feg(i?^^)= J2 ^^^(l)Deg(PxJ • 

6»eIrr(VK(«iv')) 

Finally, we note yet another numerical consequence of Axiom 15.61 
Notation 5.11. 

For p G Uch(G), let us denote (see above [2l78l) by and Ap respec- 
tively the valuation and the degree of Deg(p) as a polynomial in x. We 
set 6p := ttp + Ap . 

Corollary 5.12. 

Let Ci, C2 e Ifpe Uch(G, Ci) n Uch(G, C2), then = (2" . 

Proof. 

By Lemma [4.2H (1), we see that whenever p G Uch(G, C), we have 
Deg(p)^ = {C~^x)~^''Deg{p) , which implies the corollary. □ 
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5.1.6. Ennola transform. 
Axiom 5.13. 

For z G Z(Bw) with image z G Z{W), the algebra T-LwizwLp) is the 
image of 1-Lwiwip) by the Ennola transform explained in 2.23. If iC 
and ( are the corresponding regular eigenvalues, this defines a corre- 
spondence Ez (a well-defined bisection except for irrational characters) 
between Uch(G, C) and Uch(G, Id), such that 

Deg(E,(p))(x) = ±Deg(p)(z-ia;) 

and Fr(i?z(p))/Fr(p) is given by \4.41\ taken modulo x'^. 



5.1.7. Harish- Chandra series. 

Here we define a particular case of wliat will be called "$-Harisli- 
Chandra series" in the next section. 

Definition 5.14. 

We call cuspidal pair for G a pair (L, A) where 

• h is Levi subcoset ofG of type L = (V, Wj^ip) (Wl is a parabolic 
subgroup of W ), and 

• A G Uch(L) is 1-cuspidal. 

Remark 5.15. 

• By remark H. 46 1 a parabolic subgroup of a spetsial group is spet- 
sial thus it makes sense to consider Uch(L). 

• A Levi subcoset L has type (V, Wi^ip) if and only if it is the 
centralizer of the 1-Sylow subcoset of its center ZL. 

• It can be checked case by case that whenever (L, A) is a cuspidal 
pair for G, then PF(e(1L, A) is a reflection group on the orthogo- 
nal of the intersection of the hyperplanes of PVl, which gives a 
meaning to (2) below. 

Axioms 5.16 (Harish-Chandra theory). 

(1) There is a partition 

Uch(G) = y UchG(L,A) 

(L,A) 

where (L, A) runs over a complete set of representatives of the 
orbits of W on cuspidal pairs for G. 

(2) For each cuspidal pair (L, A), there is a 1-cyclotomic Hecke al- 
gebra 7/0(1^, A) associated to WqCLjX), an associated bisection 

Irr(HG(L, A)) ^ Uch^lL, A) , x ^ Px . 
with the following properties. 

(a) Those bijections are invariant under NQi^^y-^iW if) /W . 
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(b) // we denote by the Schur element of the character x of 
'Hg(L, A), we have 

(c) // G is assumed to have a split semisimple part (see be- 
low ^6), for := (V, ip) the corresponding maximal torus, 
the algebra l-LiQ{T^p,\d) is the 1-cyclotomic spetsial Hecke 
algebra Tiw and UchG(T;^, Id) = Uch(G, 1). The bijection 
X ^ Px '^^ same as that in \5.6[ in particular the signs 

in \5.6\ are 1 when C = 1 ■ 

(d) For all x G Irr(HG(L, A)), we have Fr(px) = Fr(A). 

(3) What precedes is compatible with a product decomposition as in 



Remark 5.17. 

Since the canonical trace form r of 'HgIL, A) satisfies the formula 

X ^ 

it follows from formula (2)(b) above that 

(5.18) Deg(A)^ = 5^Deg(p,)x(l). 



5.1.8. Reduction to the cyclic case. 

Assume that L = (V, VFlv?), and let if be a reflecting hyperplane 
for A). We denote by Gj^ the "parabolic reflection subcoset" 

of G defined by Qh '■= (V, Wh(p) where Wh is the fixator (pointwise 
stabilizer) of H. Then W(Qjj(h,X) is cyclic and contains a unique dis- 
tinguished reflection (see 12.1.1]) of Wg(IL', A). 

Axiom 5.19. 

In the above situation the parameters of I-Lgh ^'^^ same as 

the parameters corresponding to H in l-iQ{h, A). 

This allows us to reduce the determination of the parameters of 
'Hg(IL', A) to the case where VFg(IL, A) is cyclic. 

5.1.9. Families of unipotent characters. 

Axioms 5.20. 

There is a partition 

Uch(G) = U 

J='GFam(G) 

with the following properties. 
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(1) Let T G Fam(G). Whenever p^p' G T , we have 

dp = dp' and Ap = Api . 

(2) Assume that G has a split semisimple part. For T G Fam(G), 
let us denote by Bjr the Rouquier block of the 1-cyclotomic spet- 
sial Hecke algebra Tiw defined by n Uch(G, 1). Then 

J2^eg{p)ix)Beg{p*){y) = Feg^{Re){x)FegG{Re){y) . 

pdT e&'cx:{W)\xe&BT 

(3) The partition o/Ucli(G) is globally stable by Ennola transforms. 
Remark 5.21. 

Evaluating 15.201 (2) at the eigenvalue C of a regular element wip, we 
get using ISTSl (1) and 15.91 

(5.22) iFegG(^.)(c)r= ^(1)'- 

e&rr(W)\xBeBj: {e&rr{W{w^))\p-^g(iT} 

Remark 5.23 (When W{wip) has only one class of hyperplanes) . 

If W{wip) has only one class of hyperplanes, the algebra Tiwiwip) is 
defined by a family of parameters (jv^"^^ , which are in bijection with 
the linear characters of W{w(f). If 6' is a linear character of W{w(p), 
let mg be the corresponding rrij. We have from Lemma [4.231 (2) that 

Nw + - ttp^^ - Ap^^ = ew{w^)me . 
If J-" is the family of p^, this can be written 

me = (iV-^ + N^^ - 6^)/ewin.^) ■ 

Thus formula l5.22[ since we know its left-hand side, gives a majoration 
(a precise value when W{wif) is cyclic) of the number of nig with a 
given value (equal to the number of 6 such that p^g G J-" with a given 



5.2. Supplementary axioms for spetses. 

In this section, we state some supplementary axioms which should be 
true for the data (unipotent characters, degrees and Frobenius eigen- 
values, families, Ennola transforms) that we hope to construct for any 
reflection coset G = (V, Wip) where W is spetsial. 

On the data presented in §6 and appendix below we have checked 

EM 
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5.2.1. General axioms. 
Axiom 5.24. 

The Frohenius eigenvalues are globally invariant under the Galois 
group GaX{^/K). 

Axiom 5.25. 

Let w(p G W(f be (-regular. There is a bijection 

and a collection of signs {s^)^^i„{nw{wip)) such that 

(1) that bijection is invariant under the action of NQ^y^iWip) /W . 

(2) Deg(p-) = elX^w'Begix''') , 

(3) Fr(p°^) = Fr(x''') (mod x^) . 

Remark 5.26 (The real case). 

By I2.10[ if G is defined over M, tlien = ±_i^ lience we liave 

Deg(p-)(x) = ±Deg(x'^^)(a;). 

5.2.2. Alvis-Gurtis duality. 

Axiom 5.27. 

(1) The map 

Uch(Gc) ^ Ucli(Gne) , P ^ p""' , 

is stable under the action of NGh{v)(Wip) /W . 

(2) In the case where G = (V, W) is split and W is generated by 
true reflections, we have (by formulae \2.44\} |G|nc = |G|c. In 
that case 

Ucli(Gnc) = Ucli(Gc) , 
a set which we denote Uch(G), and the map 

\ Ucli(G) ^ Ucli(G) 

I P ^ P , 

is an involutive permutation such that 

(a) Deg(DG(p))(a;) = x^J^'Deg(p)(x)^ , 

(b) Fr(p)Fr(DG(p)) = l, 
called the Alvis-Gurtis duality. 

By definition of the (^-series, given the property connecting the degree 
of p^'^ with the degree of p, it is clear that the map p H- p^'^ induces a 
bijection 

Uch(Gc, C) ^ Uch(Gnc, C) • 
In particular, if G = {V, W) is split and W is generated by true re- 
flections, the Alvis-Curtis duality (see I5.27[ (2)) induces an involutive 
permutation of Uch(G, Q. 
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This is expressed by a property of the corresponding spetsial (- 
cyclotomic Hecke algebra. 

Axiom 5.28. 

Assume G = {V, W) is split and W is generated by true reflections. 
Let w E W be a (-regular element, let T-Lwiw) be the associated spetsial 
(-cyclotomic Hecke algebra. 

(1) There is an involutive permutation 

Dwiw) : Irr('Hiy(u')) liiCHwiuj)) 

with the following properties, for all x ^ Itt{'Hw{'w)) : 

(a) Beg{Dw{w){x)) = x^J^'Deg(x) , 

(b) Fr(DH/H(x))Fr(x) = l. 

(2) This is a consequence of the following properties of the param- 
eters ofHwiw). Assume that l-iwiw) is defined by the family 
of polynomials 

Pi{t,x)J\[ {t-(i^{(-^xr'-^) 

Then for all I G Awiw), there is a unique jo — Jo < e/ — 
such that rriij^ = 0, and for all j with < j < ej — 1, we have 

+ mij,_j = mj . 

5.2.3. ^-Harish- Chandra series. 

Let $ be a fT-cyclotomic polynomiaL 

Definition 5.29. 

We call (^-cuspidal pair for G a pair (L, A) where 

• L zs the centralizer of the ^-Sylow subdatum of its center ZL, 

• X a ^-cuspidal unipotent character ofL, i.e., (see \5. 5\) 

Deg(A)$ 



Axiom 5.30. 

Whenever (L, A) is a ^-cuspidal pair for G, then Wg{L,, A) is a re- 
flection group on the orthogonal of the intersection of the hyperplanes 
ofW^. 

Axioms 5.31 ($-Harish-Chandra theory). 

(1) There is a partition 

Uch(G) = y UchG(L,A) 

(]L,A) 

where (L, A) runs over a complete set of representatives of the 
orbits of W on ^-cuspidal pairs ofG. 
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(2) For each ^-cuspidal pair (L, A), there is a ^-cyclotomic Hecke 
algebra ?^(g(L, A), an associated bijection 

Irr(HG(L, A)) ^ UchclL, A) , x^Px^ 

and a collection (£x)xeirr(WG(L,A)) of signs, with the following 
properties. 

(a) Those bisections are invariant under N^i^iy-^iW (p) /W . 

(b) // we denote by the Schur element of the character x of 
7{g(L, A), we have 

Deg(A)(|G|/|L|V 



e 



^x 



(c) Assume that a root ( of P is regular for Wip, and let wip be 
(-regular. ForT^ip '■= {V,W(p) the corresponding maximal 
torus, the algebra 'Hi[;(Ty^^,ld) is a (-cyclotomic spetsial 
Hecke algebra T-Lwiwip). 

(d) For all X ^ Irr('HG(IL', A)), Fr(p^) only depends on TiQCL, X) 
and Fr(A). 

(3) What precedes is compatible with a product decomposition as in 

5.2.4. Reduction to the cyclic case. 

Assume that L = (V, Wj^wip) is a $-cuspidal pair, and let if be a 
reflecting hyperplane for Wg(L,X). We denote by Gh the "parabolic 
reflection subdatum" of G defined by Gh '■= (V, Wnwip) where Wh is 
the fixator (pointwise stabihzer) of H. Then W(Sg(h,\) is cyclic and 
contains a unique distinguished reflection (see I2.1.1"|) of PVgIL, A). 

Axiom 5.32. 

In the above situation the parameters of T-Lq^ILi, X) are the same as 
the parameters corresponding to H in ^0(1^, A). 

5.2.5. Families, ^-Harish- Chandra series, Rouquier blocks. 
Her we refer the reader to 15.201 above. 

Axiom 5.33. 

For each ^-cuspidal pair (L, A) of G, the partition 

Uchc (L, A) = y n Uchc (L, A) ) 

J"eFam(G) 

composed with the bijection 

UchG(L,A)^ IrrCHG(L, A)) 
is the partition of In {T-LqIL,, X)) into Rouquier blocks. 
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5.2.6. Ennola transform. 
For z e n{K), we define 

:= {V,Wz^). 

Axiom 5.34. 

Let ^ E /J, such that z := ^l-^^l g yi{K). There is a bijection 

: Uch(G) ^ Uch(G^) 
with the following properties. 

(1) is stable under the action of NG-[^(y){Wip) /W . 

(2) For all p e Uch(G), we have 

T)eg{E^{p)){x) = ±T^eg{p){z-^x) . 

Axiom 5.35. 

(1) Let ( G ^{K), a root of the K-cyclotomic polynomial ^{x). Let 
(L, A) be a (^-cuspidal pair. 

(a) (L;j,i?^(A)) is a ^{z~^x)- cuspidal pair ofGz- 

(b) E^ induces a bijection 

UchG(L, A) ^ UchG.(L„ E,{X)) . 

(c) The parameters of the ^{z^^x)-cyclotomic Hecke algebra 
T-LG^{hz, Ez{X)) are obtained from those of'H\Y{h,X) by 
changing x into z~^x. 

(2) The bijection E^ induces a bijection Fam(G) — ^ Fam(G2) . 
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6. Determination of Uch(G): the algorithm 

In this section, we consider reflection cosets G = (V, Wip) which have 
a split semi-simple part, i.e., V has a iy<y9-stable decomposition 

V =Vi®V2 with W\v2 = 1 and Lp\v^ = 1 . 

In addition, we assume that is a spetsial group (see 14.441 above). 

We show with the help of computations done with the CHEVIE pack- 
age of GAPS, that for all primitive special reflection groups there is a 
unique solution which satisfies the axioms given in §5. Actually, a sub- 
set of the axioms is sufficient to ensure unicity. More specifically, we 
finish the determination of unipotent degrees and Frobenius eigenval- 
ues except for a few cases in G26 and G32 in 6.5, and at this stage we 
only use l5.16l for the pair (T, Id). Also we only use 15.20( 3) to determine 
the families of characters. 

The tables in the appendix describe this solution. 

6.1. Determination of Uch(G). 

The construction of Uch(G) proceeds as follows: 

(1) First stage. 

• We start by constructing the principal series Uch(G, 1) us- 
ing |5Tl6]^2) (c) for the pair (T, Id). 

• We extend it by Ennola transform using 15.131 to construct 
the union of the series Uch(G, ^) for ^ central in W. 

Let us denote by t/i the subset of the set of unipotent 
characters that we have constructed at this stage. 

(2) Second stage. 

• Let Wi & W he a regular element of largest order in W, 
with regular eigenvalue (i. We have an algorithm allowing 
us to determine the parameters of the Ci-spetsial cyclo- 
tomic Hecke algebra T-LwiuiiLp), which in turn determines 
Uch(G,Ci). 

• We again use Ennola transform to determine Uch(G, CiO 
for ^ central in W. Thus we know the series Uch(G, ^Ci); 
which can be added to our set Ui. 

Let us denote by U2 the subset of the set of unipotent 
characters that we have constructed at this stage. 

(3) Third stage. 

We iterate the previous steps (proceeding in decreasing orders of 
w, finding each time at least one reachable () until no Uch(G, () 
can be determined for any new (. At each iteration we can use 
15.20( 2) (whose right-hand side we know in advance) to check if 
we have finished the determination of Uch(G). 



94 MICHEL BROUE, GUNTER MALLE, JEAN MICHEL 

This will succeed for every spetsial irreducible exceptional group, 
except for G26, G32, where we will find a posteriori that 1 (resp. 14) 
unipotent characters are missing at this point. 

For these remaining cases we have to consider some series corre- 
sponding to 1-cuspidal pairs (L, A). 

Since we also want to label unipotent characters according to the 
1-Harish-Chandra series in which they lie, we shall actually determine 
(using a variation of the previous algorithm) the parameters of all these 
algebras 1-1^(1^, A). We detail the steps (1) — (3) outhned above in sec- 
tions 5.7 to 5.11. 

6.2. The principal series Uch(G, 1). 

By l5.16( 2)(c). the principal series Uch(G, 1) is given by the 1-spetsial 
algebra Tiw 

For X ^ Iit('Hvi^) we have Fr(x) = 1 bv I5.16r 2)(d) and I5.ir 2). and 
Deg(pJ = Deg(x) byE6i:2). 

6.2.1. Example: the cyclic Spets. 

Let Ge := (C, ^g) be the untwisted spets associated with the cyclic 
group W = fig acting on C by multiplication. 
We set Zg := Z[^g] and ( := exp(27rz/e). 

The spetsial Hecke algebra Hw attached to Ge is by l4.44l the Ze[x^^]- 
algebra Tie defined by 

•Hg := Zg[T]/(r - x)(T - C) ■ ■ • (T - C') ■ 

We denote by xo, Xi; • • • ; Xe-i '■ He Zg[x, x"^] the irreducible char- 
acters of He, defined by 

Xi-T ^ C for 1 < i < e - 1 . 

We denote by 5*0, Si, ... , Se-i the corresponding family of Schur ele- 
ments, and by po, . . . , Pe-i the corresponding (by 15.6( 2) or I5.16( 2)(c)) 
unipotent characters in Uch(Ge, 1). We have po = W. 

S 

By 15.161 (2) (b) we have Deg(pj) = since by 12.681 we have 

^o = (|G|/|T|)., = ^. 
So for i 7^ using 12.681 for the value of Si we get 

Deg{pi) = ^^xl[{x-C). 

We will see below that we need to add other 1-cuspidal 

unipotent characters to the principal series before formula 15.20( 2) is 
satisfied. 
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6.3. The series Uch(G,0 for ^ G ZW . 

From the principal series, we use f l5.13p to determine the series 
Uch(G, for aU ^ G ZW . 

Note that for p G Uch(G, this gives Deg(p) only up to sign. 

In practice, we assign a sign arbitrarily and go on. However, for 
any character which is not 1-cuspidal the sign will be determined by 
the sign chosen for the 1-cuspidal character when we will determine 
1-Harish-Chandra series (see below). 

We illustrate the process for the cyclic reflection coset, which in this 
case allows us to finish the determination of Uch(Ge)- 

We go on with the example 16.2.11 oi W = = {Q where C = 
exp(2i7r/e). 

We have Z{W) = 1^ = {('^ | A; = 0, 1, . . . , e - 1}. 

We determine Uch(Ge, C'^) by Ennola transform. Let z be the lift of C, 
to Z(Bvy). The Ennola transform of l-iw by z'^ (for = 0, 1, . . . , e — 1) 
is 

Uwi^) = MT]/{T - C'x)iT - C) • ■ ■ (T - C^-') , 
and the corresponding family of generic degrees is 

Deg(po)(r'x),Deg(pi)(C-'=x), . . . , Deg(p,_i)(C-'=x) . 

It is easy to check that, for alH = 1, 2, . . . , e — 1, 

= — Deg(pfc)(x) a i + k = mode, 

^ {±Deg(p) I p G Uch(Ge, 1)} iii + k^O mod e. 

Let us denote, for < k < i < e — 1, by pi^k the element of 
Uch(Ge, C'^) corresponding to the {i — k)-th character of Hwi.C'^)- Thus 



Deg(A)(C-'^x 



Deg(pi,fe)(2;) := Deg(pi_fe)(C x) = x 



and by I5.13[ 

Fr(p,,) = C'- 

With this notation, our original characters pi become pi^, except for 
Po = Id which is a special case. We see that if we extend the notation 
Pi^k to be —pk,i when i < k the above formulae for the degree and 
eigenvalue remain consistent. It can be checked that with this notation 
Eziipi^k) = Pi+j,k+j, where the indices are taken (mod e); thus we have 
taken in account all characters obtained by Ennola from the principal 
series. We claim we have obtained all the unipotent characters. 

Theorem 6.1. 

Uch(Ge) consists of the 1 + (2) elements {Id} [J{pi,k}o<k<i<e-i with 
degrees and eigenvalues as given above. 

Proof. 

Using that FegQ^{xi) = x^, the reader can check (a non-trivial exer- 
cise) that formula 15.20( 2) is satisfied. □ 
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6.4. An algorithm to determine some Uch(G, () for ( regular. 

Assume that U is one of the sets Ui,U2, ■ ■ ■ of unipotents characters 
of G mentioned in the introduction of section [6?T1 In particular, for all 
p G t/, we know Fr(p) and ±Deg(p). 

We outline in this section an algorithm which allows us to determine 
the parameters of l-Lwiwif) for some well-chosen (^-regular elements 
wip (we call such well-chosen elements reachable from U). Knowing the 
(■-spetsial algebra l-Lwiwip), we then construct the series Uch(G, C)- 

First step: determine the complete list of degrees of parameters mij 
for the algebra l-Lwiwip). 

• If W{wip) is cyclic this is easy since in this case (as explained 
in remark 15.231) formula 15.221 determines the list of parameters 

• If W{wip) has only one conjugacy class of hyperplanes, for each 
Py^g G U such that Deg(pxg)(C) = ±1 we get (as explained in 
Remark I5.23P the number m^^ . 

For the other m^, we can restrict the possibilities by using 
I5.22t they are equal to some {N^'^^ + A'^^p — 5B)/ew{wip) where 
B runs over the set of Rouquier blocks of l-iw 

Finally HTTT csS) is a good test to weed out possibilities. 

• When W{w(p) has more than one class of hyperplanes, one can 
do the same with the equations of 14. 231 to restrict the possibil- 
ities; we are helped by the fact that, in this case, the e/'s are 
rather small. 

By the above, in all cases we are able to start with at most 
a few dozens of possibilities for the list of w^/j, and we proceed 
with the following steps with each one of this lists. 

Second step: for a given I, assign a specific j to each element of our 
collection ofmj j. 

It turns out that when U has a "large enough" intersection with 
Uch(G, C), there is only one assignment such that m/^i is the largest of 
the m/j and the resulting Uch(G, Q contains f/ as a subset. 

However, trying all possible assignments for the above test is not 
feasible in general, since W{w(p) can be for example the cyclic group 
of order 42 (and 42! is too big). It happens that the product of the 
6/! is small enough when there is more than one of them; so we can 
concentrate on the case where there is only one e/, that we will denote 
e; the linear characters of W{wip) are the det* for i = 0, . . . , e — 1, and 
we will denote Ui for ui^^^ and p, for p^^ when = det\ 

If Pi ^ U we can reduce some of the arbitrariness for the assignment 
of m to j since 15.8] implies that the root of unity part of Fr(pj) is given 
by ^*+(°-Pi+^Pi)'^/'^ ^ which gives i mod d. 
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We can then reduce somewhat the remaining permutations by using 
the "rationahty type property" Pi(t,x) G K{x)[t]. 

We say that ( is reachable from U when we can determine a unique 
algebra Hwiwip) in a reasonable time. Given U, we then define U' as 
the union of U with all the Uch(G, CO where ( is reachable from U, 
and ^ e ZW (see section 16. ip . 

6.5. An example of computational problems. 

The worst computation encountered during the process described 
above occurs in G27, at the first step, i.e., when starting from the 
initial Ui = [J^^^^^ Uch(G, ? "we try to determine T-Lwiwifi) for w of 
maximal order. In that case, W{w(f ) is a cyclic group of order h := 30. 
We know 18 out of 30 parameters as corresponding to elements of U. 
For the 12 remaining, we know the list of mij, which is 

[1, 1, 1, 1, 3/2, 3/2, 3/2, 3/2, 2, 2, 2, 2] 

and there are 34650 arrangements of that list in the remaining 12 slots; 
in a few minutes of CPU we find that 420 of them provide Pi{t,x) G 
ii'(a;)[t] and after a few more minutes that just one of them gives a 
Uch(G, (h) containing the U fl Uch(G, (h) we started with. 

As mentioned in section at the end of this process, we discover by 
15.20( 2) that we have found all unipotent degrees, except in the cases of 
G26 and G32, where we will find a posteriori that 1 (resp. 14) unipotent 
characters are missing. 

6.6. Determination of 1-Harish-Chandra series. 

We next finish determining Uch(G) for G26 and G32, by considering 
some series corresponding to 1-cuspidal pairs (L, A). We will find that 
in G26 the missing character occurs in the series Uch(G3, p2,i) (where 
P2,i, as seen in 16.11 is the only 1-cuspidal character for G3, and where 
W£,{L, X) is (7(6,1,2)), while in G32 the missing characters occur in 
Uch(G3, p2,i) and in Uch(G3 x G3, p2,i ®P2,i) where W(g(IL', A) is respec- 
tively G26 and G{6, 1, 2). In these cases, Wg(IL', A) is not cyclic, so by 
the reduction to the cyclic case 15.191 the computation of the parame- 
ters of 'Hg(IL', A) is reduced to the case of sub-Spets where all unipotent 
characters are known. 

Following the practice of Lusztig and Carter for reductive groups, 
we will name unipotent characters by their 1-Harish-Chandra data, 
that is each character will be indexed by a 1-cuspidal pair (L, A) and 
a character of T-LqIL,, A); thus to do this indexing we want anyway to 
determine all the 1-series. 

Let us examine now the computations involved (in a Spets where all 
unipotent characters are known). 
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Stepl: determine cuspidal pairs (L, A). 

First we must find the 1^-orbits of cuspidal pairs (L, A) and the 
corresponding groups W(g(IL, A), and for that we must know the action 
of an automorphism of L given by an element of on A G Uch(L). 

Cases when this is determined by our axioms 15.31 and 15.16( 2) (a) are 

• when ±Deg(A) is unique, 

• when the pair (±Deg(A), Fr(A)) is unique, 

• when A is in the principal 1-series; the automorphism then acts 
on A as on Irr(WL)- 

In the first two cases Wg(L, A) = Wg(L). 

The above conditions are sufficient in the cases we need for 6*26 and 
G32. They are not sufficient in some other cases. 

Now, for 1-series where PVg(IL, A) is not cyclic, we know (by induction 
using \5A9\i the parameters of ?^g(L, A). Since in the cases we need for 
G26 and G32, the group Wq{L, X) is not cyclic, we may assume from 
now on that we know all of Uch(G). 

Step 2: find the elements of Uch.^{h, X) . 

A candidate element p E UchG(L, A) must satisfy the following prop- 
erties. 

• Deg(p) must be divisible by Deg(A) by I5.16( 2)(b). 

• By specializing 15.16( 2) (b) to x = 1, we get, if p = p^, 

Then x(l) must be the degree of a character of IWgIL, A)|. 

• Formula 15.161 (2) (b) yields a Schur element 5*;^^ which must be a 
Laurent polynomial (indeed, we assume that the relative Hecke 
algebras are 1-cyclotomic in the sense of [Spetsl 6E], thus their 



Schur elements have these rationality properties) 

If there are exactly |Irr(?^(G(L, A))| candidates left at this stage, we 
are done. If there are too many candidates left, a useful test is to filter 
candidate \Itt{T-Lg(L, A))|-tuples by the condition 15. 181 In practice this 
always yields only one acceptable tupl^. 

Step 3: Parametrize elements o/Uch(G(L, A) by characters of'HG{h,X). 



This problem is equivalent to determining the Schur elements of 
7{g(L, A), which in turn is equivalent to determining the parameters of 
this algebra (up to a common scalar). Thanks to l5.19[ it is sufficient to 
consider the case when PFg(L, A) is cychc. Then one can use techniques 
analogous to that of section 16.11 

""^This is not always the case if one tries to determine C-Harish-Chandra series by 
similar techniques for C 7^ 1- 
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For example, let us consider the case where G is the split reflection 
coset associated with the exceptional reflection group G26- Let us recall 
that Ge denotes the reflection coset associated with the cyclic group 
Me (see ESI). 

We have Wq^G^, p2,i) = ^(6, 2, 2). To determine the parameters, for 
each hyperplane / of that group, we have to look at the same series 
Uch(G3, p2,i) in the group Wj which is respectively G{3, 1,2), G4 and 
X ^2! in each case the relative group is Gg^ where e/ is respectively 
3,2,2. 

Remark 6.2. In each case we can determine the parameters up to a 
constant, which must be a power of x times a root of unity for the 
algebra to be 1-cyclotomic; we have chosen them so that the lowest 
power of X is 0, in which case they are determined up to a cyclic 
permutation. We have chosen this permutation so that the polynomial 
Pi(t,x) is as rational as possible, and amongst the remaining ones 
we chose the list m/_o, • • • ,^i,ei-i to be the lexicographically biggest 
possible. 

In our case we get that the relative Hecke algebra 71^(1^, A) is 
'Hg(6,2,2)(1, C3a;^ C|a;^; -1; x, -1). 

Here we put the group A) as an index and each list separated by a 

semicolon is the list of parameters for one of the 3 orbits of hyperplanes. 
We list the parameters in each list uj^, . . . , uj^ej-i in an order such that 
ujj specializes to Q^. 

Similarly, in G32, for Uch(G3, p2,i) we get the Hecke algebra 

^G26(a;^C3,C|;a;,-l) 

and for Uch(G3 x G3,p2,i ® P2,i) we get 

•HG(6,l,2)(a;^ -C|a;^ Cs^', -1, Cl -Cs^'; x^ -1) . 

6.7. Determination of families. 

The families can be completely determined from their intersection 
with the principal series, which are the Rouquier blocks which were 
determined in |MaRoj . and 15.20( 3). 

Indeed, the only cases in the tables of Malle and Rouquier where two 
blocks share the same pair [a, A), and none of them is a one-element 
block, are the pairs of blocks (12,13), (14,15), (21,27) in (the 
numbers refer to the order in which the families appear in the CHEVIE 
data; see the tables in the appendix to this paper). 

For each of these pairs, we have a list L of unipotent characters 
that we must split into two families J-'i and ^-"2. To do this, we can 
use the axiom of stability of families by Ennola, since in each case all 
degrees in L are Ennola-transforms of those in the intersection of L 
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with the principal series, and there are no degrees in common between 
the intersections of T\ and T2 with the principal series. 

6.8. The main theorem. 

We can now summarize the main result of this paper as follows: 

Theorem 6.3. 

Given a primitive irreducible spetsial reflection group W , and the 
associated split coset G, there is a unique set Uch(G), with a unique 
function Fr and a unique (up to an arbitrary choice of signs for 1- 
cuspidal characters ) function Deg which satisfy the axioms \5.1\ \5.'J\ 
\513. 15JR [5T9I and\5M 
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Appendix A. Tables 

In this appendix, we give tables of unipotent degrees for split Spet- 
ses of primitive finite complex reflexion groups, as well as for the im- 
primitive groups Z/3, Z/4, G(3, 1,2), G(3,3,3) and G(4,4,3) which 
are involved in their construction or in the labeling of their unipotent 
characters. 

The characters are named by the pair of the 1-cuspidal unipotent 
above which they lie and the corresponding character of the relative 
Weyl group. As pointed out in 16. 2[ this last character is for the mo- 
ment somewhat arbitrary since it depends on an ordering (defined up 
to a cyclic permutation) of the parameters of the relative Hecke alge- 
bra, thus may have to be changed in the future if the theory comes 
to prescribe a different ordering than the one we have chosen. Also, 
as pointed out in 16. 3[ the sign of the degree of 1-cuspidal characters 
(and consequently of the corresponding 1-Harish-Chandra series) is ar- 
bitrary, though we fixed it such that the leading term is positive when it 
is real. For the imprimitive groups we give the correspondence between 
our labels and symbols as in |Malj . 

For primitive groups, the labeling of characters of W is as in |Ma4j . 

The unipotent characters are listed family by family. In a Rouquier 
family, there is a unique character 6 such that ag = Bq, the special 
character (see I4.49() . and a unique character such that Ag = Bg, called 
the cospecial character, which may or may not coincide with the special 
character. The special character in a family is indicated by a * sign 
in the first column. If it is different from the special character, the 
cospecial character is indicated by a 7^ sign in the first column. 

In the third column we give Fr, as a root of unity times a power of 
X in Q/Z (this power is most of the time equal to 0). 

We denote the cuspidal unipotent characters by the name of the 
group if there is only one, otherwise the name of the group followed by 
the Fr, with an additional exponent if needed to resolve ambiguities. 
For instance GefCf] is the cuspidal unipotent character of Gq with Fr = 
(g, while Gg[— 1] is the second one with Fr = —1. 

For each group we list the Hecke algebras used in the construction: 
we give the parameters of the spetsial C-cyclotomic Hecke algebras of 
compact type for representatives of the regular ( under the action of 
the centre; we omit the central ( for which the parameters are always 
given by 14.431 and its Ennola transforms. 

We also list the parameters of the 1-cyclotomic Hecke algebras at- 
tached to cuspidal pairs, chosen as in 16.21 

For each of these Hecke algebras, the parameters are displayed as 
explained in remark 16.21 
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A.l. Irreducible A'-cyclotomic polynomials. 

Q{i)-cydotomic polynomials. $4 = x — i, $4 = x + i, ^'g = x"^ —i, $3 = 
x^ + i, = x"^ -ix-1, $"2 = x'^ + ix-1, $20 = x'^ + ix^-x'^-ix+1, 
$'20 ^x'^ -ix^ -x'^ + ix + 1 

QiCa) -cyclotomic polynomials. $3 = x — (3, $3 = a; — Cf, '^'e = a; + Cl; 

= + C|a;3 + C3a;2 + a; + C|, ^'/g = + (^x^ + Cfx^ + x + (3, 

$18 = X^ + Ci, ^18 = X^ + G, "^21 = X^ + CsX^ + Clx^ + X^ + C^iX^ + Clx + l, 
^21 = x' + Cix'^ + Gx^ + X^ + Clx^ + CsX+l, = X' + Cl $^'4 = X^ + Cs, 

C3V+C3x^-x=^+C3V-C3x+i, $^'2 = x«-C3^'+Cl^'-x=^+C3^'-Cl^+i 

Q{^/3) -cyclotomic polynomials. = x^— -\/3a;+l, $12^ = x'^+^/3x+l 

Q{\/5)-cyclotomic polynomials. $5 = x^ + i^^x+l, $5 = x^ + i^i^a;+ 
1, <^[^ = x^ + ^^x + l, $;'o =a;2 + ^i±^x+l, $',5 = x^ + ^i^a;^ + 

4 I l^Vl 3 I l^VI 2 , l^Vl I 1 ^// _ 4 I 3 I l+v^ ^2 I 1+V5 I 1 

2 -/^"r 2 *^~r 2 ' ? 30 — -^1" 2 -t/~r 2 2 -t^n^-L 

Q{\/—2)-cyclotomic polynomials, (^f^ = x"^ — \J —2x — 1, $3^"* = x^ + 
x/^a; - 1, = x^ + ^^^3 - - V^a; + 1, = x^ - ^^x^ - 
x^ + v^a; + 1 

Q{V~7)-cyclotomic polynomials. $y = + ^""^^ x^ + — ^^^^^x — 1, 
= + i±^x2 + ^l^x - 1 , $'14 = x^ + =^±^x^ + ^^^x + 1, 
$'/4 = x3 + ^i^a;2 + ^i^x + 1 

Q{^/6) -cyclotomic polynomials. — x'^ — ^/Qx^ + 3x^ — -\/6x + 1, 
= x^ + V^x^ + 3x2 ^ ^ I 

QiCu) -cyclotomic polynomials. = x + — x + $1? — 

X + C12, $S2°^=a: + Cf2 

Q(\/5, Cs) -c?/c/otomzc polynomials. = x^ + ^i±^^x + Cs, = 

^2+ (W5Ki^ + C3, $(J = (l±^^ + ^2^ $(8) ^ ^2+ (^iKa^ + ^l^ 

$S '-^^x + G, $S = + (zizVM, + C3, $S = X^ + 

(^i±^x + CI, = + ^-i^x + CI 

Q(V— 2, C^)-cyclotomic polynomials. $24^ = x^ + -y/— 2C|x — Cs, '^'24°'' ~ 
x^ - V^Cla: - Cs, = a:^ + V^Csa: - CI, = - ^Csa: - C| 
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A. 2. Unipotent characters for Z3. 



7 


Dcg(7) 


Fr(7) 


Symbol 


* 1 


1 


1 










(,01,01) 


Ml 




1 


(01,0,1) 


* Cs 




1 


(01,1,0) 



To simplify, we used an obvious notation for the characters of the prin- 
cipal series, that is denotes the reflection character, and denoted by 
Z3 the unique cuspidal unipotent character. The corresponding sym- 
bols are given in the last column. 

A. 3. Unipotent characters for Z4. 





Dog(-) Fr(-) Svnil)ol 


* 1 


1 1 (1,,,) 


-1 

* i 

^0212 

^1220 


ig<l>4 1 (01,0,1,0) 
^q^2^l 1 (01,1,0,0) 
-1 (0,,01,01) 
|g$i$2 -^ (,01,0,01) 
^q^2^\ 1 (01,0,0,1) 
^q^^^l -1 (0,01,01,) 



We used an obvious notation for the characters of the principal series, 
and the shape of the symbols for the cuspidal characters. 
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A. 4. Unipotent characters for G/^. 

Some principal ^-series 

C4 : 'HzA^x^^hix, -i) 

C3 : ^ze(C3^^ -ci^, C3, -Qx, CI, -CI) 



Non-principal 1-Harish-Chandra series 



7 


Deg(7) Fr(7) 


* 01,0 


1 1 


* 02,1 

# 02,3 

^3 : 2 


^X$'3$4$'6' 1 
^,T$i$2$4 CI 


* (5;-j_2 


.r-<I':,<I'o 1 


* 01,4 
02,5 

G, 
: 11 

# 01,8 


-^X^$:5'$4$'g' 1 

|x4$^$6 1 
|x^$?$3 -1 

^a;4$i$2$4 CI 
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A. 5. Unipotent characters for Gq. 

Some principal ^-series 
Cs : ^Zl2(C3a;^ -ix, -(^x, ([2^^''^, (122;, -1, ix, C^x, Ci2X^'^, -C|, 

C3 ■ '^Zi2i.Cz-^ -I Cvi'X-i ~C^-i Cl2'^ ^ ' Ca-^) — ix, —1, Cl2'^) -^-i Cl2'^ ^ ' ~C^-^-i ^•^) 



Non-principal l-Harish-Chandra series 
HzAx^^ix^, -1, -ix^) 



Deg(7) Fr(7) 



]_ 

24 •^^2^3^4 ^6'±^12^12 
ix$3$|$i2 



<Al,0 



1 



92,1 

As 

01,4 
-1] 

G6[-C|] 
^3 : 1 



Gil- 



4XVf3V44^12 
(5±^l^X$i$'3$f$6$'l2^S2°^ 

^a;$:3'$2^'e'$i2 

(-3-V3)(-i+l) ^^2^^/ 2^//^// ^(8) 
24 a;y:']^<±'3ii'4 y:'6'J='l2^12 

~^j'+^) x$f^2^3^4^4^12 

^a;$i$2^4^i2 

-*+l)^ff,2fl,//^//2^„^/ ^(9) 



cm 



Gl[-l] 

'^2,5 
Z3 : i 

G,[-l] 
Z3 : -z 



^^q|±ilx$f$2$3$4$^'$'l2 
24 ■^^2^3^4 ^6'±'l2^12 

(-3-V3)(i+l) 2^^//2^/ ^/ (^(9) 

^X«>'3$1$^$12 
(3+v/3)(i+l) ^2^//^/ 2^^// ^(7) 
24 XSl'2^3^4 ^6'i'l2^12 

^%iix$l$i$4^1*^>6$^2 

^^X$f$|$3$4$6 
(-3+^)(^+l) ^^2^^^.2^.^.^^(10) 

ix$|$6*12 

^X$?$i$3$6$S? 
^^H3^^$,$2$,$'^'$g$;2 

(^3+v|)(-.+l) ^^2^^^.2^.^.^^(7) 

a;'^^3^6^i2 



1 
1 

1 

1 

— i 



-CI 
CI 

S3 
1 



S12 
-1 
1 

—i 

'»3 
-1 



^3,4 



5$2$2$3$g (|a;l/2 



GeiCf 



8J 
'2,5 



GehCf] 

<A2,7 



X^<I>f$2^3$6 
^X^^|^12 



* 01,10 

# 01,14 

Z3 : -1 



3^6^12 

?^6^12 
,i-"'<:I>l<I'2'I>i 



1 
1 

cl 
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A. 6. Unipotent characters for Gg. 

Some principal ^-series 

Cs '■ 'HzsiCix^, Cs, CsX, Cl; Cl^) Cl; Cl^) Cl) 

Cs '■ 'H-Zi2{C3x'^, Cl2, — C35 Cl2^^''^5 C35 Cl2a^, —1, Cl2) Cs^J Cl2X^^'^, —(3, Cl2^) 
Cl ■ '^Zi2{C'i^^ 1 Cl2^) "Cl' Cl2^^^^) Cl^) Cl2) Cl2^) cl) Cl2^'^^^) "Cl' C12) 

Non-principal 1-Harish-Chandra series 
^G8(^r°) = ^Z4(a;^^, -1, 
nGs{Zr^)=Hz,{x\i,-x\-i) 



7 


Deg(7) 


Fr(7) 


* 01,0 


1 


1 






1 


02,4 
TT V^2,7 

^1220 : 1 

7-0212 . 1 
■^4 ■ J- 


ia;$4$8$i2 
^a;$i$3$4*8$'i2 


1 
1 

-1 


Zi022 : 1 


^X$i$3$'4'$8$'l2 


-1 


* 03,2 

(ho A 

# 03,6 
Zi022 : , 


^X2<|.3$4$6$'g'$i2 

^a;2$3$4$6$8$12 
^a;2<l>i$2$3$6^8^12 


1 
1 

1 

-1 


12 : _i 


|a;2$i$2$3$4$6$12 
^a;2$i$2$3$6$8$12 


— i 


^1220 : 


-1 


* 04,3 

GshCl] 

04,5 


|a;2<l>f$^$3$6$8 
ia;3$2$g$^2 

|x3$2$2^3$g$g 
ix3$2$g$^2 


C|a;i/2 
1 

CjxV2 
1 


* 01,6 

# 01,18 
01,12 

02,7 


^,x6$3$f$6$8$;'2 

^a;6$3$f$6$8<l>;2 
ia;6<l>4$6$8*i2 

fa;6$2$4$^'$6$8^12 


1 
1 
1 
1 


02,13 
02,10 


|a;6$2$4$l$6$8$12 

j^a;^$2$3$8<^'i2 

|x^$3$4$8$12 
fx<'$i$3$4$^'$'8^12 


1 
1 


03,8 

Z1220 : _i 


1 

-1 


^1022 : _l 

^1220 ; , 

Zi022 : _^ 


fx6$l$3$4$'4$8'^'l2 
^a:6$i$2$3$6$8$'/2 
ia;6$l$2$3$6*8$'l2 


-1 

-1 
-1 
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7 


Deg(7) Fr(7) 


Gs[l] 
Gs[^ 
Gl[i] 
GsiCs] 
GsiCi] 


|a;«$i$2$3$^$g$'^$;'2 -i 

|x6$i$2$3$^'$6$'^'$;2 -i 
^,X-*^$2$6$8$12 1 

fa;6$2$2$3$^'$6$8*i2 ^ 

|x6$2^i$2$3 CI 
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A. 7. Unipotent characters for Gu. 

Some principal ^-series 
C4 : Uz^^i-x^, Cllx, -Ctx, a;^/^ CW^, Qfx, x, (24^, Cs, ix^''^, -Qx, Cl^x, 

/7«2/3 /''^ rf /" rf ^1/^ /" ^ /" /" j -IT*-^/^ f ^ ^' f ^\ 

1 S^Ar' 1 >>Z-^ ^ )S,3)S,24-^' -^J '524'''' S3''' ; 7 7 S2A-^ J 

Cs : 'Hz^A-ix^, C12, Ciex^^^, ^2^^^^^ C12X, C?6^^^^ -(Ix, CLx, ix, Cfa, 

/• ^ _9V2/3 /-b ™ /-Ht, /-Q ™1/2 /•13™ /•? ™ /•ll™l/2 /•2 /• 2/3 _ • Al9™ _a4 
^3X, , (3^2'^) S24'*'' ) S24'*'' S12'*'' Sie*^ ) S3'*') S12-*' ) S24'*'' S3 



Cl22^) ix , —^^X, Ci2) C24'^' C3^) Cie-^ ^ 1 Cl2'^' Cl2'^ i Cl&X ^ , Cl2i Cl2-^) 



Non-principal 1-Harish-Chandra series 
-Hg.AZs) = -Hzeix', -Qx\ Csx\ -1, C3V, -C3V) 



7 


Deg(7) 


Fr(7) 


* 01,0 


1 


1 


Z3 ■■ -Cl 


^a;$i$i$'3'$4*6 $8$12*24 


Cl 


/^2 !/-2] 
^3 • S3 


^a;<3>^<P2^3 1*4l'g*I'8^12^24 


/•2 
C3 


g XSf iSf 2Sf3Sf4"±'6^8^12^24 


S3 


^14L S3J 


f X$f$2*i$4$6$8^12^24 


S3 


02,4 


^X$i$'3'$f$8$12$24 


1 


01,16 


|x$:3'$4$^$8$;'^$24 


1 


Gu[l] 


^X$?$'3'$f$8$12$24 


1 


03,4 


^X<l>2<|.4$f$8$-$24 


1 


GuiCs] 




Cs 


GuiCi] 


^X$?$i$i$4$^$12$^'4 


Cl 


02,7 


(--f^^^$i$'3'$4$^$f$12$'2'4$r 


1 


* 02,1 


(-^+f^'x$i$^^$4$^$f^$12$'2'4*?i 


1 


GU-i] 




-1 


Gi4[-1] 


(^-2f'^-^^<^'?<^'3$4$f$f<fl2$'2'4$^f 


-1 


GIM 




i 


GIH] 




—i 


GIH] 


V6C3^<f,2^2^2^2^(6)^///^// ^(9) 
24 •^^1^2^3^6^8 ^12^24^24 


—i 


GIM 


V6C3^2^2^2^2^(5)^///^// ^(10) 
24 ''''^1^2^3^6^8 ^12^24^24 


i 


Z3 : -Cl 


^a;$i<|)i$'3<|)4$f $8$12'^24 


Cl 


GulQ 


|-a;$f<l'2$3^$4$6$8<^'l2'^24 


Cl 


Z3 '■ Cs 


^a;$i$2$;3$4$2$8$i2$24 


Cl 


Gul-Ci] 


fa;$2$2$2$^$/g/$g$^2$24 


-Cl 


01,8 


|x$f$4$^<l'8$'l'2$24 

^a;$2$f$'/$g$^2$24 


1 


02,8 


1 
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7 




Deg(7) 


Fr(7) 


03,2 




^a;<l>2$4$'e'$8$'/^'$24 


1 






^a;$?$f$'e'$8<l>i2<f24 


1 


Gia[C&\ 




^X$2$2$2$^$2$^^$/^ 


C8 






^X$2$2$i$4$^$12$24 


CI 


02,11 


(-2- 


#^a;$i$f$4«f^$r^<fi2<f'24<^>^? 


1 


# 02,5 




1 


GU-^ 


(2 




-1 


14 L J 


(2 


^,r$?$i$4$'e'$?<^>i2<f'24*?/^ 


-1 






X$2$2$2$2$(6)$/./$/^$(ll) 




G\^\-%\ 




^f3^$2$2$2<|,2$(5) $(12) 

^4 ± Z D Z4: Z-rl 


—i 


Gl4[-^] 




24 •*'12 3 6 o 12 ^24 24 


—i 


G\,^\ 




24 •*'^1^2^3^6^8 ^12^24^24 


i 


01,12 




ix'$3$^$8'^>12'^>24 


1 


03,6 




|a;$|$6$8$12<524 


1 


04,3 




ia;$2$3$4$2$^2$24 

|x<l>^<l>^<l>4<l>6$12<^'24 


1 


r 11 




1 

— i 


^14LS3J 




^X$?$^$4$6^8$12^24 


S3 


"-^14 [S3J 




^a;$f$^$4$6 ^8$i2'524 


S3 


G\AC,^ 




^X<I>^<I>2$3 $4*58*I'l2^24 


C3 


G'?4[C3] 




■j^X9^(p2^3 '54'P8'Pl2*5'24 
X <I> ^ 2 3 4 "l" 6 'J' 8 *i' 1 2 


C3 


G'l4[C24] 




All 
S24 


Gl4[(^24] 






Al7 
S24 


G\,M 




Ma;$2$2$^$2$g$^2<fS 


C3 


Gf4[C3] 




^a:<l>2$2$^$2$g$^2$r4 


C3 


G?4[-C3] 






-CI 






^X$?$i$l$4$8^12$£^ 


-a 


^14[Cl2] 




f X$2$2$2$^$2$3$g) 


CI2 


<-^14[~Cl2] 




^,T$2$2$2$^$2$g${7) 


C12 


/I 1" t^Znl 

^J^4[ S12J 




^X$2$2$2$4$2$g$(J 


C12 


*-^14l'5l2j 




^X$2$2$2$4$?,$8$S 


S12 


* 04,5 




5^X5$'3$4$6$8$12$24 


1 

± 


-14- A 




5±^x5$:,'$4$6'58$12<f24 


i 


Z3 : 1 




^a;^$l$2$4$8"^'l2$24 


/•2 

Cs 


* 03,6 




ia;^$^$^$i2$24 


1 


GUCI\ 

GiACl\ 




fx''$?$i$'3^$4$f ^8^12^24 






fx6$2$i$f $4$6^$8$12'^'24 


C|xV3 


# 03,8 




|,X6$2$2$12$24 


1 


^14^1] 
GlA [Cl ] 




f a;6$2 $2 $;^2^4$'g'2 $g $//^ $/^/^ 






|a;6$2$i$f $4$6^$8'^'l2'^'24 




03,10 




ix-«$2$2$12$24 


1 
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7 


Deg(7) 


Fr(7) 




f x6$2$2$;j^<l>4$f $8$12'^24 




02,15 


ix^$^$^$8$24 

ia;9$2$2$ $24 
4 i o o 

|x'^$?$i$8^24 


1 


* 02,9 

G\A-l] 

14 L J 

GU-l] 


1 
1 

X 

-1 
-1 


Gl4[Cl^ 


-^a;9$?$2^2^4$6^i2 




Gii[C,l&\ 


^X9$2$2$2^^^2^^2 




<-^14[-Cl6] 


-^X9$2$2$2$4$6$12 


/^13„l/2 
Sl6-^ 


^14[-Cl6] 


^X9$?$2$2$4$2$12 


/-15™l/2 
S.16''' 


* 01,20 


^a;20$;,$','$-$'24 


1 


# 01,28 




1 


^3 : -1 


^a;2°$i$2$4$8 


CI 
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A. 8. Unipotent characters for (^3,1.2 • 

Some principal ^-series 
-1 : Hzeix^XixXs^xXlCax) 

Non-principal 1-Harish-Chandra series 



7 


Deg(7) Fr(7) Symbol 


11.. 

Zs : CI 
Z3 '■ Cs 
..2 

/^ISO 

'-^s.1.2 

# 1-1 

.2. 

* 1.1. 

^^3,1,2 


^?$3$6 1 (12,0,0) 
^g<l>l$2<l>'3$'6' CI (,0 1,02) 
|g$l$2$'3'$^ CI (,02,01) 
^g$f$6 1 (01,0,2) 
^g$2$2$'g' C3 (0,012,) 

ig<l>2$f$'6 1 (02,0,1) 
=fq<^f<^e 1 (01,2,0) 
lq^2^','^'^ 1 (02,1,0) 
^?$?$2$'6 Ca (0,,012) 


* .1.1 


g^$2^6 1 (01, 1, 1) 


* 2.. 


1 1 (2,,) 


Z3 : 1 

# -11 

* .11. 


^3 3g5$i<l)2 Cl (1.012.012) 
^+^g5$'3'<l''6 1 (012,01,12) 
■t^q5<^'^<!>'^ 1 (012,12,01) 



We used partition tuples for the principal series, the shape of the 
symbol for cuspidals and notation coming the relative group for the 
characters Harish-Chandra induced from Z^. 
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A. 9. Unipotent characters for 6*24 . 

Some principal ^-series 

/■i . qj ^ l'/'2 3 _AlO„2 /-2 3/2 _/^4 2 ^5™ _/^9™ /-2 2 _/-6™2 _/-9^3/2 

CyX, — C7J C?^! ''CjX ) 

■ 1-1 r, ('^4 3 _a4 _/"4 a4 3/2 _/^4 2 a2 _a5 2 a3 _/^6 2 a4 

-c^x^i\cix\-cw) 



Non-principal 1-Harish- Chandra series 



1 


Desfo'l 




* 01,0 


1 


1 


* 03,1 


^,T$3$4$6$'7$i4 


1 


7/ Y^o,o 
06,2 

^2 : 2 


"Yr^x^-^^/i $fi$7$i ^ 

ia;$?$3'^'6'^'7 


1 
1 

-1 


G24[C7l 


^a;$f$2^3<l>4$6 




G24[C?] 
^24^7] 


^a;$?$i$3$4$6 
^a;$?$i$3^4$6 


C7^ 
C7 


* 07,3 


a;^$7$i4 


1 


* 08,4 

# 08,5 
G'24[^] 

G24[-i] 


ia;**$2$4$6"^'i4 
|a;^$3$4$6*i4 
^a;''$f$3$4$7 

^x4$f$3$4$7 


1 
1 


* 07,6 


a;'^$7$i4 


1 


# 03,10 


^x8$3$4$6$7'fM 


1 


* 03,8 
06,9 

B2 : 11 


^X8$3$4$6$'7'$;4 

|a;^$^$3*6*i4 
ia;^$2$3$6^7 


1 
1 

-1 


G24[C|] 


^X^$f$f$3$4$6 


CI 


G24[C|] 


^X^$f$^$3$4^6 


CI 


G24[C7'] 


V2^^^?^i^3^4^6 


CI 


* 01,21 


x'' 


1 
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A. 10. Unipotent characters for 6*25 . 

Some principal (^-series 
C9 • T^Zgid-^^ ^ Cg-^^? Cl) Cg-^) Cg-^^) Cg^ Cg^? Cg^^i Cg) 

U : Hz^^i^x^ C^2•^^ C?2'«: h C\W, ix, Ci2^> -h C12X, C12) 

Non-principal 1-Harish-Chandra series 
^625(^3) ^nG3,i,2(^,C3,Chx^,-l) 
'Hg.AZs ® ^3) = 'Hz.ix^ -Qx^ Csx', -1, C3', -Clx') 



7 


Deg(7) 


FY(7) 


* 


01,0 


i 


i 


* 


03,1 


3— V— 3^^//^/^ ^//// 

6 a;<P3<I>6<I>9<I>i2 


1 

1 




03,5 


6 ^'i'3^6^9'S'l2 


1 
1 




^3 : 2.. 


^ ,T/> /TS /TS /TS /TS 

3 a;l'il'2i'4i'g 


C3 




08,3 




1 


* 


06,2 


ix^<l>3<l>o$4$6$q$l2 

A ^ 1 u y ±Zr 

|x2$3$'3'$4$6$9^12 


1 




06,4 


1 




02,g 




1 




Z3 : -Cl 


f,T2$2$2$;^$4$','$'q'$12 


C3 




^3 : -2 


fa;2$i$2$3'$4$6$93'l2 


S.3 




02,3 


fx2$4$f$9$12 


1 




^3 : .2. 


^a;2$i$2$f *4$6'^*9'^*12 


Cl 


^3 ® ^3 : 1 


fa;2$2$2$'3'$4*6*9*12 


C3 


* 


0(;,4 


^a;4$i$;j^$f$9$i2 


1 




09,5 
03,6 


5^x4$f$4$'6^9^12 


1 
1 




09,7 


^±^X^$:3-'$4$^;$9$12 


1 


# 


06,8 


^X4$2$f$'g^$9$12 


1 


^3 


® ^3 : Cs 




C3 








-1 




Z3 : 1..1 


^x^$i$^$'3$4<^'f ^g-^-'is 


Cl 




G25[-C3] 


v^a;4^3^2$3$4$g 


-Cl 






|a;4$f$4$^$9$'i'^' 


1 




G2,U 


^a;^$f$2$4$9*i2 


Cs 




Z3 : 1.1. 

03,13 


fx^$l$i$'3'$4$6^$9^12 

fx4$;52$4$^^>9^'l2 


s.3 
1 




■ Cl 


3^x4$|$i$'3'$^$9$- 


-1 
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7 


Deg(7) 


Fr(7) 




-CI 


n 1 z ^ u ±z 


Cs 


* 




08,6 


5 z D y -'■■^ 


1 






08,9 


g z ^ o y ■'■■^ 


1 




^3 


: .1.1 




CI 


* 




06,8 


^-Y'-^a;S$',$4$''$Q$i2 


1 


# 




06,10 


5 -^,^-^i-^{;)-^;^-^lz 


1 




^3 


: 11.. 




CI 






01,12 




1 






03,13 




1 

1 




^3 


: ..11 


-g-X M:'iSf2^3 ^4^6 9 12 


,^2 
S.3 






03,17 


^Xl2^3$;,$6$9^12 


1 




^3 


: .11. 


^Xl2$i$2$f $4$6^9$i2 


CI 


# 




01,24 


^Xl2$4$;,'$9^i'2 


1 


^3 


® ^3 : CI 
■ 1 

02,15 


f X12$?$2$3$4<^'6<^'9$12 
iTl2$2$9<l>12 


C3 

-1 
1 


^3^ 


5^3 


: -1 


^a;12<|,2$2$;($4$'g$'g'$;'^' 


Cs 
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A. 11. Unipotent characters for 6^26 • 

Some principal ^-series 
CI : nz,s (C3a;^ -Clx, Clx, -CWI\ X, -(Ix^, (s, -C|x, Qx, -1, Csx, -Qx\ 
C-iX^/'',-xXlx,-ClXix,-x') 

(9 : nz,s{Clx\ -Clx', X, -CI C9X, -Clx, Clx'/', -Clx', Csx, -1, Clx, -X, 

/-2 _ 2 /•2 _/-2 3/2 /-7 _/^4 \ 



Non-principal 1-Harish-Chandra series 

^G26 {Z3) = ^Ge.... (1, Cs:^^', Clx'; x\ -1; X, -1) 

nG,,{G,) = nz,{x\ -clx\ C3x', -1, cix\ -Clx') 

^G^eiGlZ) = 'Hz,Xx\ -Clx', C3X, -X, CI, -Clx) 
'HG.eiGl^) = nze{x\ -Clx, (3, -X, Cfx, -C3V) 



7 


Deg(7) 


FV(7) 


* 01,0 


1 


1 


01,9 

# 0'3,5 


ix<l)9$i2$l8 
ia;$3<^3$6$6$9'^'l2$'l8 
|x$3<^'3f'6$6'^'9'^'l2'^'l8 


1 
1 


* 03,1 


1 


02,9 


■ ( -M- -r -r ft t -r 

4^X$4$9$i'2^18 


1 


^3,1,2 • J- 




Cs 


Zs : 2 

02,3 


^X$i$2^'3^4^f ^'g^'/^^'l's 

^a;$4$9$i2'^>i8 


CI 
1 


Zs : ....2. 

/^130 . 1 
*^3,1,2 • 


|x<l>i<l>2$f$4$6'$9$12$18 

^a;$f<l>i<l)'3'$4$6$9$i2<8 


CI 

C3 


03,6 


ix^$3$6$9$12 5'l8 


1 


03,8 
03,4 

# 06,4 


^a;2$f$'6'$9$12$18 
|x2$'3'$4$f$9$'/^$18 


1 
1 
1 


/^130 . /-4 
*-^3,l,2 ■ S3 




C3 


Z3 : .1..- 

* 06,2 


fa;2$i$2$'3$4$6$9<^'l2'^'l8 


CI 
1 


Z3 : ..1.- 

/^103 . a2 
'-^3,1,2 • S3 


^a;2$i$2$'3'$4$6^9$l2$18 

^a;2$2$2^4$9$'/^'$i8 


CI 

C3 


* 08,3 

# 08,6 
G26[^] 

G26[-^] 


|a;'^$2^$4$6$12$18 

^X^$f<l>|$4$9$12 
^,T^$'J$|$4$9$12 


1 

1 

ix^/"^ 


* 06,4 


5^,T^$2$;,'$2$[.$9$'-$18 


1 


# 06,8 




1 


Zs : ....1.1 


^a;4$l$i$4$^$9$18 


CI 
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7 




Deg(7) 


Fr(7) 


03,13 




^5±^x4$'3'<l>4<f'6''<f9<fl2$18 


1 


03,5 




^5=^x4$'3<l>4$'6''$9<fl2<^>18 


1 






^a;^$i$^$4$9$i2$i8 


Cl 


09,7 




5^a;4$f$4$'6^9^12$18 


1 


09,5 




5±^a;4$'3=^$4$6^9^12$18 


1 






^,T^$?$2$4$9$12<^>18 


Cl 


■ — cl 






-1 


Ga ■ -(s 






-1 


G26[-C|] 




^X'l$?$2$,^$4$9$18 


-Cl 






^^a;5$'3$4$'6'$9$12<fl8 


1 






3±^a;5$'3'$4$'g$9$i2$i8 


1 

X 


7 ■ 9 
Z.3 . 




\/ 3 5 rTS rfS rTS rfS rTS 
,^ a; Sl'iSfc'2Sf4Sf 9y:'l2"i'l8 


C3 


* V^8,6 




-V-3 6,ls3,=[S//3^ <T> ff> ff> 
54 ^ ^2^3 ^4y=^9^12y=^18 


1 
1 


it V^8,12 




^4 ^ *2*3 y?4*9*12y?18 


1 
i 


All 
06,11 




-giX $2*3*g^6*9*12*18 


i 


^6,7 




g X Sl'2'±'3^3 ^6 ^9^12^18 


1 

X 


V^2,lo 




ix6$3$4$2$'g$9$'-<|.,8 


1 


' o,y 




1 


08,9 




1 


06,8 


3- 


^a;6$3$;j$4<|>6$;f$9$i2<l'i8 


1 


06,10 


3+ 


^a;6$3$3^4$6*6*9*12^18 


1 


03,8 




^=^x6$3$'3$4$i$9^12$18 


1 


03,16 




2±^x6$g$^'$4$3$g$^2^;8 


1 


09,8 




'J ^ '-J T-/ 


1 


09,10 




^±^x6$3$4$6$'$"<|.i2$i8 


1 


01,12 




^X6$'3''$4$6'$9$12*18 


1 


01,24 




^a;6$'3'$4$'6'$9$12$18 


1 


J. 

02,18 




^X6$f $4$'/$9$i2$18 


1 


02,12 




-y!r^x6$'^$4<l>''-'^$9$12$l8 


1 


Z■^■ I + 


-3+v^ 
18 




cl 

S3 


Z-^- 1 + 


3+/ 
18 




S3 


• 1 — 
zjg . J.... 




g X M:'lM:'2^g^4^6^9^12^18 


^2 
S3 


Zo • 11 


3+v/' 
36 


c<y Mr Mr 2 ^2 Mr 4 Mr g ^9 ^ 12 ^ Ig 


S3 


Z^:..l.l.. 


-3+v^ 


$4<|.^3$9$12*18 


Cl 


Zg : 


% 




Cl 








Zg : 


-cl 

6 


X6$l$i$f$4$6$6$9$12'^'l8 


Cl 


Gi : 1 




ia;6$2$3$g$^2$18 


-1 


Gi : C3 




|a;6$2$3$g$'g'$g$^2$'i'8 


-1 


^4 : Cl 






-1 


(^3,1,2 ■ 


6 


<I)2 <I)3 (i,^ (I, ^ (1,2 <i,^ ^;^^^^<I, 


C3 
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V / / 


Fr(7) 


^130 . a2 
'-^3,1,2 • ^3 


g J- •±']^-±'2^3^4^6^6^9^12^18 


S3 


'-^3,1,2 • ^53 


-3-v^™6(ij2(ij3([j//([j (f)/ 3(F) (f) (F)/ 
36 ^1^2^3^4^6 ^9^12^18 


S3 


r^lSO . /■2 
^3,1,2 ■ S3 




S3 


■-^3,1,2 • ^ 


3+v^~6^2^2^//^^/ 

18 ^l^2^3^4^6^9^12^18 


S3 


^-^3,1,2 ■ ^ 


3-\/^™6^2^2^/ <TS ,rF."rF. rlS rF. 
18 ^l^2^3^4^6^9^12^18 


S3 




Q ^1^3^3^4^9^12 lo 


-1 


ZD L J 


_i,x6$f$2$''$4$q$';f;$i8 

(3 1 i iz -LO 


-1 


ZU L J 


5±^x6$f$2$;j'$4$f$'9'$l2$18 


CI 


ZO L JO J 

^26 ["Cl] 


^5±^a;6$?$2$f $4$6^$9$12$18 


CI 


4^a;6$3$2*3$3*4$fi^$9$'l2*'l'8 


-CI 


\ C3I 


-CI 


G^26[C3] 


5±^x6$?$i$f$4$'6$9$12$18 


Cs 


ZO L J 


jq 1 z ^ u y -L"^ 


C3 


G'26[~C3] 




-a 


^26L S3J 


Ci^6^3^2^2^/ ^^//^^///^// 
6 ^1^2^3 3 4^6 9^12^18 


S3 


"-^26L-'-J 


v^^3 6(f) 3(f) 3(f) , djnd), „c[)i 
2^ X Sf ]^>±'2y:'4'i'9'i'l2^18 


1 

J. 




^^^6(j)3(j) (f)//3(f) (f, (f, 
54 ^i^4^6 ^9^12^18 


1 




54 ^l^4^6 ^9^12^18 


1 


G2M 
zu ['sy J 


V^a;6$3(j,3(j)3(j, (|)3(|> 


C9 


^ 2b LS9J 


y^^6^3(|)3(|)3(|) (|)3^ 


S9 


^ ^0 LSy J 


^x6$3(j)3(j)3(j) (j)3^ 


Co 
S9 


(b-i 1 c; 




1 


# 06,13 


ix"$'3^$4$f $9$'/^$18 


1 


* 06,11 


ia;lj$f$4$[5'$9$12$18 


1 


03,17 


^Xll$f $'/$9$12$18 


1 


r'103 . /■2 

o,i,z >o 


Z|3 ^11$2^2^ $ 

3 i Z ^ iz J-O 


C3 

T>0 


Z-i ■ 11 


3 -^^ ^1^2^3^4^6 9^12 18 


S3 


S^3,13 


^™11^/ 2(f)//2(f) (f) (f) 

3 ^3 ^6 ^9^12^18 


1 

X 


• 11 


g J/ 4/14/2^3^^4^6^9^12^18 


S3 


/^130 . A 
^3,1,2 ■ S3 


3 ^t-j^ ^2 ^4^9^12 ^18 


S3 


^ r'3,16 


3- r <&o $0 $ 1 Q 

g Jj '±'3^fg^f9^f ]^2^18 


1 


# 03,20 




1 


^3 : 


^^a;^'^$i$2$4$9$i8 


CI 


* 01,21 


^X21$4$9$12$'l8 


1 


02,24 


ia;2i$^(^^(^i8 


1 


G4 : -1 




-1 




^X2^$l$2$3*4$6*12 


CI 


# 91,33 


^,r2^<I',i<I':/I'i2<I''i« 


1 
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A. 12. Unipotent characters for 6*27 . 

Some principal (^-series 

_a7™3/2 All _/^2 2 3/2 _All™2 a13 _a6™4/3 a8 ™5/3 _Al3™2 A 3/2 

-Chx, Ci,x, -CI Chx^ -Cllx^ Qx'/\ -Cl,x^/\ -x^'\ Csx, -Cllx) 

Cs : ^z3o(c^^ ci,x'/', ciw. -ciix''\ qix^/\ -qw. 
Ci5x, -x'/\ CiV, -ciix\ cix"\ -Cllx. Cl5x^ -cw\ csx, -Cix', c|x=^/^ 

_All„2 a7 „ _a7„3/2 All„5/3 _Al6„ „3/2 _All„4/3 a2„ _a7 a11„ _a16„2\ 
S15'*' )S15'*'' S>5'*' )S15'*' ' S15'*'''*' ' S15'*' ) S3'*'' S5'S,15'*'' S.15'*' ) 

O/^ 3 _/'17™ /■2 _™3/2 a2 5/3 _a22 4/3 a3„3/2 _/'ll,,2 /'T 2 

_a4 a14 _/^22 a4 3/2 _Al7™2 a7 ™5/3 _/^4 4/3 a2 _a19„2 3/2 _/'4 2 

ct,x, -cix'/\ Csx, -c?|x^ c|xv^ -c^5v/3, cj,x, -ci^v^, cf5x^ -cix^) 



Non-principal 1-Harish-Chandra series 

?^G..(/2(5)[1,3]) = nz,{x'/^-Clx^(s,-x'/',Cl-Clx') 
7^G..(/2(5)[1,2]) = 7/ze(a;^/^-C3V,C3,-.x5/^C3^-C3V) 



'Hz,{x\-Clx^C3,-x,Cl 



7 



Deg(7) Fr(7) 



^1,0 



/2(5)[1,2] 
^2(5)[1,3] 
B2 

# 

/2(5)[1,2] 
/2(5)[1,3] 
B2 



03,7 
^3 

-CI 
-CI 

06,4 
0'3',5 
0'3,5 

-CI 
-CI 
-CI 



^6,2 



<-^27[C|] 
<^27[C|] 
<^27[Cl5] 
G27[Cl5] 

G'i.hCa] 

^27^3] 



^X$f$4$:5$'6'$;0'^'l2<^'l'5<^'i?'^'30'^'3? 
^X<|.f<|.4$'5'$'6'$10<^12$'l5$Sf<^30<^>fo^ 



"jf^X$?$^$^<l>'3'<l>4$^$6$12<^''i5'^' 
=^-^X$i$f$i$'6^10$'/^'$'/^$30 



/// ^//// 

30 

/// ^//// 
30 
nil 



12 



-6^6- 



^a;$'3^$4$'5*f$'io^i2*'/5*S?*'3'o*S 



30 



30 
/// 



3+ v^^$2 $2 $ ^ $//3$/// $ $w 



12 
3+V^ 



12 



X$2$:3'^$i$'6'$10$'l'^$'/[,'<f30 



-15 



X 



30 



-15, 



-^a;$f$|$4$5*10*12*i5*30 
$1 $^ $4 *5 *6 * 10 *12 



^5 a;$?$i$i$4^5^6^io^i2 

^X$f$i$i$4^5^10^15 
^a;$f$i$4$5$6^10^30 



1 
1 

-1 
1 
1 
1 



S5 

-1 



CI 
CI 

a4 
S,15 

Cl5 

-CI 
CI 
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7 



Deg(7) Fr(7) 



^5,6 



0U 

^2 : 1 



|a;^$i$^$i2$i5$30 

ix4$?$i$f$4$5$'6'$10$'i'^'$'l';;$'30 



09,8 
''27K9] 
G27K9] 



</>9,4 

G27[a] 

g27[C|] 



='5^6 ^10'±'12^15^30 
|a;^<l>3$3$i2$l5$30 



1 

1 

(9:^2/3 

1 

aa;^/3 



* 



015,5 
015,7 
g^7[C3] 



30 



'+f^a;5$f$5^6'^io^i2^i5^ 

'"-^a;5$'3=^$5$f$10^'/^^15^30 



^3;^$3^3^4$5$10$15$30 



1 
1 

C3 



^X6$3^4^>5«>i^'l0«>12$i5*30 

^X6$2$3$2$^$3$^,^$^2$30 

^a;6$2$3$2$,$3$^,^$^2$3Q 
^a;6$3$4$t,$3$^Q$^2$;'^$3^ 

^x6$3$^$'g'$3$^^$^^$/^$3^ 

^a;6$2$3$2$^$3$^^$^^$^^ 

f X6$2$3^2^4^3^^^$^2$3^ 
^X6$3^3^^^^^//^^^^^^^^, 

^x6$3$3$^$^$/^$^^$^^^/. 

^a;6$3$2$3$^$5$2$^2<fi5 

^X6$3$2$3$^$5$2$^2<fl5 
^x6$3$3$^$^$//^$^^$^^$/^ 

^a;6$3$3$^$^$/^$^2$15$30 
^^X6$3$2$3$^$5$2$^2$^5 

^X6$3$2^3^^^^^2g,^^^^^ 



,12 



/2(5)[1,2]:1 
/2(5)[1,3]:1 



^8,9 



</^8,9 

/2(5)[1,2]:-1 
72(5)[1,3]:-1 
G'27[^] 

G^27[C2o] 
<^27[C2o] 

G'27[-l] 
^27 [-(20] 
<^27[-C2o] 



30 



30 



^5 
1 



CI 
CI 

2,t;V2 

Al7^1/2 
<5 20 

/•13™l/2 
S20''' 

— ix^/^ 

— ia;-^/^ 

a7 1/2 
^20-^ 
3 ^1/2 



„1 
S20-^ 



* 



</^15,8 
015,10 
g27[C|] 



^a;8$f$5$'/$io$12^15$30 
^X^$3^3^4$5'l>10$15$30 



S//3 



3+ 



y<l>3$3$i2$i5$; 



1 
1 

S.3 



^9,9 



# 



^27 [Cg] 
G^7[l] 



^9,11 



|a:9$3$3$;3'^$4$5$6'^^10$12^'/5$!: 
fx9$3$3^f $4$5*6'^^10'^'l2<5'^' 



30 
/// 
:w 
//// 
30 



G27KI] 
^27^9] 



f a;9$3^3^'3^$4$5$f $10$i2'^15$ 
|a:9$3^3^f^4^5^6^^10^12'^15'^ 



12Sf 15Sf30 

III 
30 
nil 
30 



C|x2/3 

Clx^/^ 

1 

C|x2/3 

C|a;V3 
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7 




Deg(7) 


Fr(7) 


09,13 
<^27[C3] 
<^27[C9] 




C3 9«t>3<Tk3«t>//3^ ^ ^/ 3^ ^llll^lll ^llll 
f X^$J$^$3 $4^*5*6 '^'10*12^15^30 


1 

/"5 1/3 


* 010,12 
05,15 




l™12/f,2/f, <T)2/f, /f, 

2^; 2^5V6^10^15y^30 

ia;12<l>4$5$10$12$15<^'30 


1 
i 

1 


05 15 

B2 : -1 




|a;^^$4*5*10$12$15$30 
^X^^$?$^$5*10*15*30 


1 

-1 


* 03,16 
03,22 


V-15C3 
30 

30 


xl6$'33$^$/$^/3^,^^^^^.^^(7)^„^^(7, 

a;i6$:,^$4$'5'*f$;'o*i2$'i5*S?*30*S^ 


1 
1 


/2(5)[1,3]:C| 




^xi6$?$i$2$'3$4^>^^>;:$i2^>;'^'$:;[, 


<:^2 

S.5 


/2(5)[1,2]:C| 






^3 
S.5 


B2 ■ a 

06,19 






-1 
1 


# 03,20 


30 , 




1 
1 


03,20 


30 


/2(5)[1,3]:C3 




^^16$2$2$2$//$^$2$/$^^$///$//// 


CI 


/2(5)[1,2] :C3 




'^C|^16$2^2$2$//$^2$/$ ^///^^^^^^ 


CI 


B2 '■ C3 




=^-^a;i6 $2 $2 $' 3$////$ $//// 


-1 


06 17 




^"^xl6$2$//3^2^/^^////^///^ 

12 2 6 b b 12 lo -^^ 


1 






^xl6$?$i$4$5$10$12$'/5*30 


C3 


G27[C3] 






C3 


G'27[Cl5] 




^a;16$3$3^2^4$5$2^10$12 


Sl5 


G^27[Cl|] 




^Xl6$3$3$2^^^^$2^^^^^^ 


Al4 
Sl5 


G^27[— C3] 




^Xl6$3$3$2$^^$^^$^^$^^ 


-CI 






^^a;i6$f$i$4$5*6*io*30 


C3 


* 01,45 






1 
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A. 13. Unipotent characters for (^3 3,3. 

Some principal (^-series 
-1 : Hz,{-x\ -C3V, -C|x, -1, -C|x, -Ctx^) 



/ 


Dcgf^) Frf^) Symbol 


* 1.+ 


g^$2$6 1 (1.+) 


* l-Cs 


g^$2$6 1 (I.C3) 


* l-Ca 


g^$2$6 1 (l-CI) 


* .11.1 

# .1.11 

^3.3,3^3] 


i^g4$f$'6 1 (01,12,02) 

3+.y^^4$/^3^// 1 (01,02,12) 

^g4$?$2 CI (012,012,) 


* ..111 


1 (012,012,123) 


* .2.1 

# .1.2 

^3,3,3^3] 


^^q<^','n 1 (0,2,1) 
^g$f$'e 1 (0,1,2) 
^g$?$2 Cs (012, , ) 


* ..21 


q^^2^6 1 (01,01,13) 


* ..3 


1 1 (0,0,3) 



We used partition tuples for the principal series. The partition with 
repeated parts 1.1.1 gives rise to 3 characters denoted by 1.+, 1.^3 and 
l.Cl- The cuspidals are labeled by Pr. 
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A. 14. Unipotent characters for ^44 3. 

Some principal ^-series 

Cs : nzsiClx^Clx^XsxXsx^XixXlXlxXlx^) 
~^ '■ ^G4,i,2(^^)('^ , —ix, —l,ix; —X, —1) 



Non-principal 1-Harish-Chandra series 
Hg^,UB2) = HzAx\ix\ -1, -i) 



/ 


Dcg(7) Fr(7) Symbol 


* .1.1.1 


g-^$3$8 1 (0,1,1,1) 


* ..11.1 
.1..11 

# ..1.11 

B2 : -i 
B2 : -1 


^g5$3$f$8 1 (01,01,12,02) 
^g^$3$8 1 (01,02,01,12) 
^g-'^$3$f ^'s' 1 (01, 01, 02, 12) 
_l (012,012,0,1) 
^r/^f^a^s -i (012. OL 012,) 
^g5$2^3$'g' -1 (012,012,1,0) 


* ...111 


q''^ 1 (012,012,012,123) 


* ..2.1 
.1..2 

# ..1.2 

B2 : i 

B2 : 1 


^g$3$^X 1 (0,0,2,1) 

ig$3$8 1 (0,1,0,2) 

^g$3$'4'V8 1 (0,0,1,2) 
^g<l>2$3$'3' -1 (01,02,,) 
|g$?$2$3 « (012,, 0,) 
'^q^l^s^'s -1 (02,01,,) 


* ...21 


g^$8 1 (01,01,01,13) 


* ...3 


1 1 (0,0,0,3) 



We used partition tuples for the principal series. The cuspidals are 
labeled by Pr, and the characters 1-Harish-Chandra induced from B2 
by the corresponding labels. 
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A. 15. Unipotent characters for 6*29. 

Some principal (^-series 
CI : ^z.o(C|^^ -x\ Clhx\ C2ox''\ -ax\ Clhx, Clx\ C2ox\ 

_/-7„2 /•ll™5/2 a4 a 2 _a3™2 /•11™3/2 a _/^4 2 All™3\ 

S>5'*' ' S20''' 5 'bS''') 'b20''' ) S^-'^ 5^20''' 5'b5 5S20-^? Ss-^ ) S20'^ / 
/^3. -1/^ l'/'3™4 Al7„2 _a7„2 a7 „3 a3„ a17„3/2 _a3„2 a7 ™5/2 a3„3 /-17™ 

_/-4 2 a7 ™2 A3 Al7„3 _„2 a7 „3/2 a3„2 a17„5/2 _a6„2 a7 ™N 
) S>20''' 'S5 5S20"'' ' 5 S20'^ ' Ss-^ ? '52O''' ' SS''' ' S20'''/ 

_a3™2 /'ig^S A „2 a9 „ _/-4™2 Al9™3/2 A 3 a9 „2 _ 2 a19™5/2\ 
SS-^ 5^20'^ jS5X SS-^ )S,20'*' j S,5X , ',20'*' ' X ,i^20X ) 



Non-principal 1-Harish-Chandra series 
l,-i;x^,-l) 



^GiAoi.x'^^ix'^ 



-1, —ix) 



^G29(G^4,4,3H]) = nz,{x\ix^ -1, -ix') 



7 



Deg(7) FV(7) 



'1,0 



^X$i<$6$^$10$'l2^20 
ix$|$i2$20 



* ^4^1 

<A4,4 

# '^4,3 

52 : .2.. 

G4,4,3[i] : 1 
52 : 2... 



^12^20 



//// 

20 



^X$f$3^f ^5^8^'l2^ 



010,2 



5 1/2 



G29[— Cs] 
^^16,3 
G29K8] 



ix^$^$8$12^20 1 
ix3$^$8^12$20 1 



^X''$3$5^6$8$10$20 
i.T'^$5$8'^'lO'^12$20 
|a;^$2$5$10$12$20 
ix''^>?$^<I>3$5$6^10$20 



'A'l'5,4 

010,6 
52 : 1.1.. 



X-|«l>3^5«l>6^To^l2'l'20 

^a;5$2$f $5$g$^'$^o$;2$20 

|x^$|$5$10$12*20 

^a;5$2$'/$5$6$^$10^12^20 

20 



-■15,4 



* ^^20,5 
020,6 

# 020,7 

52 : ...2 

G4,4,3[-i] : 1 
52 : ..2. 



^X^$f$3^4 ^5^8^10^12^20 



^x'^$^$3$5$6*8^12^20 

c6$4$3$g$8$10^12^ 



'P24,6 
G29[l] 

0'6':'io 
0'6':io 



20 



2jix6$3$f$5$6$8$io$12^20 



20 

-1^6 



2g-x'^$3$^'^$5$6^8^10^12^ 



20 
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Deg(7) Fr(7) 



/// 
20 
Jill 
20 

|X"$^$3$^^>6$10$12^20 

ix*^$3$|$5$6^8*12*20 

ia;6$3$2$g$g$^g$^2$2o 

i.T^$f$^$3$5$6$8$10$12$20 

|x-f^$f$^$3$5$6$8^10^12'^'20 

la;6$3$5$g$8$lQ$12$20 

ix6$4$4^3$4^g$^$^2 

|x6$f$4^3$|$6^>8^12 
|x6$4$4$3$4^g$g$^2 

|a;'^$4^4^3$4^g$g$^2 



<10 
024,9 

B2 : 

^4,4,3^ : -i 
G4,4,3[-i] : i 

024,7 

B2 : 
G4,4,3[-i] : -i 
^4,4,3^ : i 
030,8 
06,12 
B2 : .1.1. 
B2 : 1...1 

06,10 
^29^5] 
G29 [C|] 
G29[C|] 
g29[C|] 



-1 



.T^$fcI>-^(I>3$4 $5$6<J'lO<J'l2<J> 
^a-*^$f$3$3$f ^5$6$10$12$' 
TX®<I>o$3$"!?^6$in$19$9 



^5^6"i'10'J'l2^20 



1 

1 

-1 

i 

—i 
1 

-1 
—i 
i 
1 
1 

-1 
-1 
1 

C5 

CI 
CI 



* 020,9 

020,10 

# 020,11 

B2 : .11.. 

G4,4,3W : -1 
B2 : 11... 



^x9#i$^'$5$6$8^10$12$20 
|x9$l^>5$10$12$20 
^a;9$i#f $5^6^-8 ^'I0^''l2^20 



20 



x"^#3$5^6^10^12^20 
^^^^^3^5^6^8^10^2o" 

ixl2$5$8$io$12^20 
$|$5$10$12^20 



1 
1 
1 

-1 

i 

-1 



a5,i2 



0i5,12 
05,16 
010.14 

Bo : ..1.1 



,12 



1^12 



$f<l>2^>3^>5^>6^10^ 



20 



G29 [C|] 

016.13 
G29[-C|] 



'16,15 



lxl3$4$4^3$5$6$8^10 

iTl3$;l$8$^2$20 

ixl3$4$4^3$5$e$8^10 
|x^3^4^g^^^^^Q 



X^$5$8^10^20 



1 

C|xV2 

1 



'10,18 



ia;2i^>3$i2$20 



1 



* 04,21 

04,24 

* 04,23 

^2 : ...11 

G4,4,3[-i] : -1 
B2 : ..11. 

* 01,40 



-j+1^21; 



,//// 
20 



3D~ 



1 
1 
1 

-1 

—i 
-1 
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A. 16. Unipotent characters for 6^32 . 

Some principal ^-series 

. qj ^ /■! /-ll™5/3 a3™2 a19™ /-11™2 /• 3 a7 a23™ a5™2 a19™5/3 

All A ™ /-19™2 All™3 a7™2 a7 ™ a23™2 /• 5/3 Al9 All™ /- ™2 a19 3 a23\ 
S24 ' SS-^) S24''' ) S24''' ; S8''' ? S24'''' '524'*' ) '58''' ; ^24 ' S24'''' S>8'*' ) S24'*' '^24/ 

Cs : T^Z24{Ci^^i C24, Ql'^'^- Cl^^) C24a:, C24) CI^^^^j C24a;^, C24^) C8a^^, C24a:^, C24^^) 
A3™ Al3 Al7™5/3 a3™2 a13™ a17 a3™3 a13™2 a17™ a5™2 a ™5/3 Al7™2\ 
S8'''' S24 ' S24''' )S>8'^ ) '524-^' S24 ' S8''' 5^24''' ; ^24'''' S8''' ; S524''' ) 'b24''' / 

-jy^ (/-^q-'i _/"14 a4 4/3 _™ AM 2 _Al9™3/2 A3™ _/-14 3 a4 _a6™ 

a14 3/2 _Al9™ a3™4/3 _a14 a4 2 _a7™ a14 _a19™3 a3 _a14 2 a4 3/2 
SlS-^ ' SlS"''' SS"'' ' Sl5Al5-^ ' S5-^Al5-^? '515"'' ' S5 ' ^15-^ ) ' 
_a3™ a14 4/3 _Al9 a3™2 __a14 3/2 a4 _A4™ a14 _a19™2\ 
S5-'^^S15-^ ) Sis ! '55"'' ! '515"'' j'515"''' '55"''' '5155 ^15"'' J 

a ■■ nzso{cix\ -cux^ Ci5, -cix, cux, -ciix'i\ Qx\ -cih cux^/', -cix, 

All™3/2 _Al6™2 a2 _a11™3 a ™ _/-3™ /•11™2 _a16 a2 4/3 _All™ A ™3/2 
'515"'' ' '515"'' ''55' '515"'' j'515''') '55"'') '5I5"'' ; '5l5?'55"'' ; '515-^) '515'^ ) 
_a4 All _Al6™3 a2 _a11™3/2 A ™2 _ All™4/3 _Al6™\ 
'55-^' '515' '515-^ )'55'^' '515-^ ) '5I5J' ) X,i^ir,X , SlS-^/* 

Cs ■ '^zsoiCbX^, ~Ci5) Clix, —^ix, Ci52^^''^) "Cif-^^^^) Cs) "Cis-^) Cif-^^) ~cix, 

a8 „3/2 _Al3 A ™ _a8 ™2 Al3™4/3 _Al™ a8 _a13™ a ™2 _a8 ™3 Al3™3/2 
'515'^ ' '5l5)S5''') Sl5'^' ;'5l5'^' ' '55'^'! '515' Sl5"'''S5-'' i ^15^ , , 
_™ a8 ™ _Al3™2 A 4/3 _a8 ™3/2 a13 _a6™ a8 ™2 _Al3™3\ 
•^)'5l5-^' '515-*' ) '55-^ 5 '515"'' ''515' '55"''! '515''' ' '515''' ) 

C4 '■ ^Gio((-3-y3)C|)(~^ )C3,C3;^^ ,i,ix,-i) 

Non-principal 1-Harish-Chandra series 

nGs,{Z3) = 'HG,eix',-l;x,C3,Ci) 

-Hg-AG,) = Hg,{x, (s, CI; 1, C3x\ C3V) 

Kg,, (^3 ® Z3) =nG,,, {x^ -Clx\ C,x\ -1, CI, -Ctx^; x\ -1) 

^G3.(G25[C3]) = nz,{x\ -C|X^ C3.X, -1. C|.^, ~Clx') 

^Gs.CGssf-Cs]) = nz,{^^ -cix, C^x\ -1, ClxK -cix) 

nGs,{G, ® Zs) = nzeix', -cix', Csx', -1, cix', -cix') 



7 




Deg(7) 


JV(7) 


* 




01,0 




1 


1 


* 




04,1 




^^X$'3'$4«56^8^12^'l'5^24^30 


1 






04,11 




^±^X$'3$4^6^8^12$i5^24^30 


1 




Z3 


: 01,0 




^a;$i<I>2$4<I'5^8<J'l0^12$24 


CI 






015,6 




ix2$2$5$2^^Q$^2^>15^24^30 


1 


* 




010,2 




ix2$^$5$'g'$8$^$10$'/^'$15$'/8^24^30 


1 


# 


< 


ho,w 




ia;2<D'3'$5$'g^.8$'9'$io$'l'f$15$'l8^24^30 


1 




5^3 


05,20 

.2.... 


Ca 
3 


|x2^.;3$5$^'$'g'<5l0^>i2'^15^>'i8^24^30 
x2$2$2^(^2^^^^^„2^^^^^^,„^^^^„^^^^ 


1 

C3 




Z3 


: 02,9 
05,4 




^x2$i$2^I^'5^8^9^10^15^18^24'^30 
|x2${j'$5<I.^$'9$10^'l'f ^15^;8^24$30 


r2 

S3 
1 




Z3 


: 02,3 




^x2$i$2^4^5*8*9*10*15*i8^24^30 


CI 




? 


3 




C3 


* 




020,3 




^^^^x3$4$5$8$9$10*12^15^18^24^30 


1 






020,9 




.T^ $4 $5 $8 $9 ^ 10 $ 12 $ 15 $'l8 ^24 ^30 


1 




Z3 


: 03,6 




^a;3$i$2$3$4^5^6^8^10^12$15^24^30 


CI 
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7 


Deg(7) 


Fr(7) 


* 


030,4 


-^a;^$^ $4^5^6 ^8*9*12^'i2^15^18^24*30 


1 




036,5 


{'2 X 5'2*3 5'64*6*85'9*10*12*15*18*24*30 


1 




024,6 


lr^<I>Q<I>?<I>c<I)Q<I)n<I)n<I) 1 KC&iot&o^t&Qn 
^.x, I'j^f^i'^^L j/9^L j^2^ 15^18^24^30 


1 




036,7 


12 ^2 3 ^6 6 8^9^10^12^15^18^24^30 


1 


# 


030,8 


-g^X $3 «>43>5S>g 3>85'9*125'i2*Pl5^185'245'30 


1 


^3 


® Zs : ..2... 


gX Si:']^y^2^4^5y=^8y=^9^10^12y=^i5y^l8^24y=^30 


S3 




G4 : 0'i,4 


3 ^4,T>2^2^/ fF, ^//3^ ,1=,/// ,T< .<T. . „<T._ .<T.w 
12 ^ *l^3^3^5y=^6 *8y^9**'i2*15^18^24'i^30 


1 

— 1 




-^3 : 03,5 


L -r- -M- / -¥- -M- -r 11 -r -w- ~w- -w- -w- till -w- llll -r -r -r III 

4ix4$l$2$3*4$5*6^8^9*10^12$i2*i5^18^24$30 


CI 




^g a;*S'i$2*|$45>5$85*9*105*155'l85*24 


-C3 




06,8 


f X^^'g' $4$6 $8^*9$10^>12$i2^15^18*24$30 


1 




G25K3] : 1 


V_2,x'*$f$^$4$5$^$8$9$10^18^24$30 


Cs 




■^3 : 03,1 


-3-X •i'iSl'2^3^4^5^6^8^9^10 ^12^^12^15^18^24 ^4^30 


r2 

"^3 




06,28 


^ ^ ^>'/^ $>2 ^>n <I> 1 n n $>'/o 1 K 1 c $>o^ ^>o^ 
g X vf4-i'g \i'8^9^10^12^i2^15^18^24^30 






G4 : 0'i,8 


3~^~3 4^2^2^//^ <&' ■'S' -Tj 3'""i3> , , 5f , 5f 

12 •'^ ^1^3^3^5^6 ^8^9^12 ^15^18^24^^30 


1 

— ± 


^3 


(8) ^3 : 2 


go^ ^1^2 4^ o y j-U^lz^l5 io^ z4 ^ 30 


So 


* 


020,5 


g X Vf 3Sf4Vf 54/g4/8^9^10^l2^15^l8^24^30 


1 

J. 




040 8 


3 \/ 3 ^5rf\2/F»/ i/T^i <T\2/F»///R 'T*,<T»,<T>,,'T>,'T> .'f} 
12 1^2^ 3^ 1^ 5 16^ 6 ^ 8 110^12^15^18^24^30 


1 
1 




v_r4 . V^2,5 


3 — V — 3 ^5/Fi2/F.2/F./ ^ /Ta ij\ tf\ tf\ f¥i ff\ f¥i 

{2 X'^5>l5>35>35>45>55>g4>8«9«'lO«'l2^*15*24^*30 


-1 

— 1 




^3 : <P6,2 


^a;5$^$2^>3^3^1^5^6^6^8^10^?2^15^24^>30 


CI 




020,17 


^x5$'3<I>|$5<I>^'^>8$9^10^?2^15^'l8^24^'30 


1 




020,7 


^x5${5'$2^5$^$8^9^10^?2^15^'l'8^24«>30 


1 




040,10 


2±^x5$^$'3'$4$5$i$6$8^>10^'l2^'l5^18^24^30 


1 




G4 : 02 7 


5±^a:5$f$|$'3'$4$5$^$8^9*10*12^15^24^30 


-1 




■^3 : 06,4 


§X^$1$2^3^3^1^5$6^'6^8^'10^?2^15^24*30 


CI 




020,19 


%X^<I)o$4<i>5<I'fi<&8<I>9<^'l0*^'?9*^'l5<^'^ 8^24^30 


1 




■^3 : 01,12 


ix5$.(I)2$2cI).(J)„(J)''$,„$2 <|) (J)// (J) (J) 

f-j ± i. ilj. y -LVJ ^ -L !j ^'-t -J \J 


Cl 




■^3 : 02,15 


vElx^<I>l $n<I>4$t:<I)2<J)o$ir,$i2$15*&1S<&24<&3n 

ti ±^ 4: iJ q O -LU ±0 XO OU 


c.^ 

^3 




G4 ® Z3 : 1 


g X '±'-|^^2^3^4^5^8^9^10^12^1o^24^3U 
2 X ^ii'2^3^4^5^D^8^10^12^15^24^30 

^I™5(J) (f) (f)2(f) (Jj (Jj/ (f) (f)2 (J) (J)' (I)r,.(I)on 

g X i'iM'2^4^5^8^9^10^12^15^18^24^30 


''3 


^3<S 


5Z3 : 1.1.... 


S3 




■^3 '■ 01,24 


(^2 
''3 




020,12 


24 ^2^ c?^y^iU^i2 iC> J^o ^4 


1 




05,12 


^ T ^ $ ? $ K $ ^' ^ <I> a $ $ 1 n <I> '/o ^ $ 1 c; $ 1 <I> o ^ <I> Q n 
2^x ^4^5^g ^8^9^10^12 ^15^18^24^30 


1 




05,36 


J_7'6$2(5 (Tj/ '1(5 (T)^ ^/// 2^ c^i Q$o/i$Qn 
2^x ^4-±'5^g ^8^9^10^12 ^15^18^24^30 


1 




080,9 


--L7;^<I>o<I'?<I>c;<I'?<I>n<I>in<I>n<I>i c: $1 fi<I>0/i $Qn 
12 ^ 2 4 ^ ^6 ^ 9 ^ iU ^ 12 ^ io ^ 18 ^ 24 ^oU 


1 




020,21 


3^X*5^>|$4<I>5$|$'g'^$8$9^10$12$i2^15'J'l8'J'24*J'30 


1 




020,9 


^X^$i$4^'5$i$6^^8^9^10^12^''i2^15^18^24^30 


1 




Ghi^] 


gX^$f$|$5$8^9^10^15*18*24*30 


1 




6-32 [1] 


^X^$f^>5$8$9^10^?2^15^18^24$30 


1 


* 


045,6 


^x6$'3^$2^5$8$9^10^lf $15^18^24 ^"30 


1 




045,18 


^X^-l-f ^>l$5$8^9$10^i2^^>15$18$24$30 


1 




G32[-l] 


^x6$|$§^>|$5$9$10$12^15*18^24*30 


-1 




G4 : 01^12 


^X^^>f$|$'3^$4^5*8^9*10^12$12^15^18^24^30 


-1 




G4 : 0ij2 


^x6$2$2$^/2$^$g$g$g$^Q$^2$'/^'$15$18$24^30 


-1 



SPLIT SPETSES FOR PRIMITIVE REFLECTION GROUPS 



127 



7 




Deg(7) 


Fr(7) 




^60,12 




|a;'^$^$5$^$8*9^10^15*18^24^30 


1 




'^'30,12 




iT''$|$5$8^9$10^l2^15^18$24$30 


1 




G4 : 02,9 




i 'T*^^^ Cb^CE>^ CbrCE>^CboCE>r»Cl>ir.Cl>i rCl>ioCbn^ 


_i 

L 




G32[-i] 




|x^$f$f$|$5$|$9$10$15^18^30 


—i 




G32H 




i 








^X^$3$3^$5$6*6^8*9^10^?2*15^18*24^30 


1 




Ga : <l>'l,s 




^X^$f$|$4^5*6^6^9*10*12^i2^*15^i8*24^30 


-1 


G25[C3]:-C| 




x6$f$2$/^$2$5$//$g$9$^0$//2'*15^'l8^24^30 


Cs 


G 


25 [-Cs] : Cs 




^x6^.f$2^2$;3$2$5$'g'$8$9$10$12$15«''i8^24^30 


-Cl 




Z3 ■ (p9,5 




^x6$i$2^f <^1^5$6^^8^9^10^lf ^15$'l8^24$30 


a 


G4 


® Z3 ■■ -cl 





x6$f$2^3^3$4^5$6^^8$9^10^12$12'J'l5'J''l8^24^30 


-a 




015,8 






1 




'i^60,ll 




C;i^6(T)2(f, (Tj/ ^ <I)r CE)''^<I)"<I)i nCbioCE)"' <I)ir<I)io<E>r,^<E>on 

g ^2 3^3^4^5^6^9^10^12^12^15^18^24^30 


1 

± 




Z3 : 




^X°$f^>2'$3^>|$5^>g$8$9^10^12 ^15^18^24^30 


> 

Cs 




Z3 : .1.1... 




_C3a.6$2$3$/^^2^^^2^/J^g$//$^^$^2$i5$18$24^30 


Cs 




Z3 : <P'i, 




^x6$i$2$f^l^5^6 ^'8'^9^10^12 $15^18*24*30 


Cl 




Z3 : <,8 


-Cl 

6 


x6$l$|$^'^$4*5*6*6*8*9*10*12*i2*15*18*24*30 


Cl 




015,16 




^x6$3$'3'^>5$6*6^*8*9*10$?2^15*18*24*30 


1 




060,7 




^x6$2<J,3$/^/$^^$,^$3$'g$^p$^2*i2*15*18*24*30 


1 


Z3<S) 


Z3 : 1..1... 




|x6$2$3^:3'$2^5$'g$8$'9$10*lf $15*18*24*30 


Cs 
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^X^°$l$2^3*4^5*6^8^10^12^15^24*30 


cl 
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7 


Deg(7) Fr(7) 


# 010,42 


^x30$4$5$8$'g$io$i2^15$;g$24^30 1 


05,52 
04,41 
06,48 
04,61 
05,44 
Z-i : 01,33 

G4 : 0'/,4 
Za (g) Z3 : ...11.. 

Gi^Z^: -1 

# 01,80 
■^3 '■ 02,24 

Z3® Z3 : ....11. 

* 01,40 

G4 : 0;':8 

-^3 '■ 01,21 


^X40$'3'$5^'6^8$9^lf^l5$'l8^24$30 1 
^^=^x40$2^'3$4$i$6^10^12*i5*18$24^30 1 
ix^°$|$|$8$12$15^*24^>30 1 
^5±^x40$2^'3'$4^i^6^10^12^'l'5^18^24^30 1 

^x40<I>^5a>5$^'$8$9$'l'^'$'l'5^18^24$30 1 

^x40$i$2$l$5$8$^'$10$'l'^^'l'8^24'&'30 C| 
^^x40$2$2$//$^$5$/.$g$^2$^g$/^^$^/// _l 

"3>i4>2^3 ^4<I'5<1'6 *85»10S>i2 5>i5$24*30 Cs 

^,T''°$f$2^i^'4^5^8^9^10^>12^15 "Cf 
^X40a>^5$^'$8$'9<^'l0«5;f «J>15«J>'i8^24$'3'^, 1 
^a:40$l$3$4$5$2^3$^Q$^2$18^'30 C| 
fx'10$J$2^'3'5>4$5^f $8*10*12*15^24^30 C3 
^x40$'3'$'g$8*9*10*'l'f *15*18*24*30 1 

5±^x40$2$2$^$^$g$//$g$^2*15$24^30 "1 
ix40$l$2$l*5$8*'9$10$i'^'$'l8*24$^'^' C| 
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A. 17. Unipotent characters for G?,^. 

Some principal (^-series 

C5 : Hz,,{C,x\ -Ctx^l\ C^x\ -Ctx\ C,x\ -Clx\ C,x^/\ -CI, (5:^3, -Clx^) 

CI : ^z,o(cl^^ -CI, cl^^ -cl^'/^ cl^^ -cl^^ cl^^ -cl^^ cl^'/^ -ci^^) 

. nj (t'^rJy _/"8™3 a2™5/2 _a5™2 a5™3 _/^5™4 a2™2 _/-11™3 a8™ _/^8™2 

S,9 • 'T-ZislSg-^ , S.g-^ ,S,9'^ , Sg-^ ,S,9'^ , Sg-^ ,s,g-*' , Sg ,s,9'*', Sg-^ , 

a8„3 _/-11„5/2 a5„2 /-2„ _All^2 a2„3 _/-11„4\ 

Sg-^ , sg , sg-*' , sg ,s,g'*', sg ,s,g'^ , s>g j 

Cg • "^ZislCg^^, — Cg^^"^, Cg^^^, — Cg^^;^, Cg^^^^^, " Cg^^;^, Cg^^, — Cg^^^, Cq^^^, — Cg^^, 

/■A _(-'J ry.'i 2 _a13™5/2 a4 3 _/"„^2 a7™ _/"13\ 

Ce : ^Gasl-Caa:, -l;C|a;^C3,-a;) 
Cs : ^G26(C|a;,-l;C3a;^a;,C|) 



Non-principal 1-Harish-Chandra series 

'HG33(G3,3,3[C3])=^G4(^^C3,Cl) 
^G33(G3,3,3[C|]) = (.ZX\ QX^) 

Hg,,{D,) = nz,{x', -Clx\ C3X, -1, Clx, -clx^) 



7 




Deg(7) 


Fr(7) 


* 






1 


1 


* 


05,1 




^±^X$5^'9^>10^;2^'l'8 


1 




05,3 




^^X$5$'g'$10$'l'^'$'l8 


1 


G3,3,3[C3] 


: 01,0 




^^a;$?$3^4$5^10 


C3 


* 


015,2 




a;^$5$9<I)io$i8 


1 


* 


030,3 




ix^$^$5^>9'l'l2$18 


1 




06,5 
024,4 




ix3$2$g$^Q$^2$18 
ix3$4$2$9$10^18 


1 
1 


D4 : 1 




i.T''^$^$|$5$9$18 


-1 


* 


030,4 




^X^$'3-'$2^5$9^10$12$18 


1 




040,5 
020,6 


12 


^a;4$|$5$i^6^9^10^'l'2^18 
ix'''l'|^>5$9^>io$12$18 


1 
1 


# 

<53,3,3[C3] 


040,5 
030,6 
: 01,8 


3-/ 
12 


Jx4$f$3$2^5$'9'$10«'l2$;8 


1 
1 


^3,3,3 [Cs] 


■ 02.3 


-3+v^ 
12 


-^a;4$|$|$'3<I>5$9^>io$i2^;8 
|ix4$f$3^i$5^9^10^12^'l8 


-1 

C3 


^33 


[-c|] 

0'i'o,8 




^^x4^>f$|$2$4^'5^9$10 


-r"2 

S3 
1 


G'3,3,3[C3] 


: 02,5 




^^x4$f$i$4$5$i$10$18 


CI 


G3,3,3[C3] 


: 02,1 






C3 




010,8 




fx4$2$5$f$9$10$12$'l8 


1 


L>4 


:-C| 


12 


^x4$f$i$'3'$5^9^10$12^'l'8 


-1 
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7 


Deg(7) 


Fr(7) 


G3,3,3[C3] '■ 't>lA 


^X^$^$i$^$5$9^10^12$'l8 


Cl 


* (t>Slfi 


x''$3$g<l>9<I>12<J>18 


1 


* </'60,7 


X^^>^$5^>9$10$12^'18 


1 


* 045,7 


5±|^x7$f$5$^3$9$10$'l2^18 


1 


# 045,9 


5^x7^>:3=^$5^f ^9^10^12^18 


1 


G3,3,3[C3] : 03,2 


^=^a;'^$f$|^>4$5$9$10$l8 


C3 


* 064,8 


ia;«<I>^$^^>i^^>io^>i2^>i8 

|xS$|$l^>^^>10^>12^'l8 
ixS$f$i$l$5^9$12 
ix8$f$i$l^>5'^9^>12 


1 


# 064,9 
G33[-i] 


1 

ix^/^ 

-ixV2 


* 015,9 


X^$5#9$10$12^18 


1 


* 045,10 

# 045,12 


^±^zl0$f$5<&^'<J>9^10f'i'^'^18 


1 
1 


G^3,3,3[C3] • 03,2 


^xl°^>f^>|$4^'5^9^10^18 


^3 


* 081,11 


X^^$^$^$9^>12^>18 


1 


* 060,10 


X^"$^$5$9$10$12$18 


1 


* 015,12 


X^^$5$9$10$12$18 


1 


* 030,13 


— C3 ^13/F\//'^/Ta2/Fi ,t. 
_^X^-'5>3 <1>|5>5<1>9<1>10<1>12<1*18 


-1 
1 


in 

f40,14 
020,15 


X^'' $|4>5S>g 5>g 5>9 <I> 10 <I> 12 <I> 18 

l™13^2(j) (J) (f, (f, (f, 

^4M:'5"±'9^iQ^i2^18 


1 
1 


rh' 

^40,14 


3+\/^™13,]S4^ ^2^/ ,J.' rj. , - rfWrJ. , „ 

12 ^2^5^6^6^9*10*12^18 


1 

± 


it 930,15 
<J3,3,3[<,3j • <Pl,8 


-^X^-'^g $|$5$9$io$12*18 
1 'r-13(T)3ff)3(f,2ff,^(f,/ (f), „(is, „(T)' 
gX yj]^ 1^2*4^5*9*10*12*18 


1 


A :C3 




-1 


G'3,3,3[C3] • 02,3 


^a;13$?$|$|$5<^9^10<^12^18 


Cl 


G'33[-C3] 


^^.X^^$f$^$|$4<I>5$9^>10 


-cl 


010.17 




1 


^o,o,oLSoJ • V^z,o 


~ X ^ ^> ? ^> n $ 4 ^> c <I> 1 n ^> 1 a 


C3 

So 


^3,3,3 LS3 J ■ 'A'2,1 


g ^ ^]^M^2^4^5^9^10^12^18 


S3 


iU, i ; 


%xl3$2$^/3^^^ ^// 

O 4 *-* ^ lo 


1 


Z)4 : Cl 
^^3,3,3^3] : 01,4 


"^+:^xl3<I.f$2^{,$5$9$^0$''l$' 

12 1 3 "3 y Iz lo 

^xl3$3$3$2^5$'g'$10$12^'l'8 


-1 

C3 


* 030,18 


ix^**$^$5$9$12$18 


1 


06,20 

024,19 


ixl^$|$9$10$12^18 
ixl8$|<5i$9^10^18 


1 

1 


Da : -1 


lxl8$4^2^5$g$^g 


-1 


* 015,23 


X^3$5$g$^Q$^g 


1 


* 05,28 


^X28$5$'9'^10$'l'^'<&'l8 


1 


# 05,30 


^x28$5$^$10$'l'^$'l'8 


1 


G3,3,3[C|] : 01,0 


^X^^$?$f$4^5^10 


Cl 


* 01,45 


X^^ 


1 
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A. 18. Unipotent characters for G34. 

Some principal ^-series 

A6 . nj {/-e^e All™7/2 a4 ™10/3 ™3 /•11™3 /•25™4 /•6™8/3 /•ll™5/2 
S,7 ■ n-Z42lS7-^ ' S21-^ ; S21-^ ) iS21-'^ 5 'b21-^ ; S?-^ ' S21-^ ) 

a4 ™7/2 _a8™3 a11™2 _a25™3 a6™4 _a11™5 a4 ™5/2 _a9™3 a11™10/3 _/-25™2 
S2I''' ' S7''' j'521''' ! '521-'' ! S7-^ ) ^21-^ 5^21-^ ' S7''' j'521''' ' '521"^ ' 
a6™3 _/^11^4 a4 ™8/3 _/'10„3 /'ll™7/2 _a25„ a6„2 _a11„3 /'4 „4 _/'4„3 All™5/2 
S,7'^ ' S,21'^ ) S,21'^ ) S7 )S21-^ ) S21-^)S7-^ ' ^21-^ ) S21-^ ? S7-^ )S21'^ ) 
_/-25„7/2 a6™10/3 _a11t,2 a4 ™3 _/-5™3 /•ll™8/3 _a25™5/2 /-G /•4 ™2 

'521-^ 1^7"'' ' ^21-^ ) S21'^ ) S7-^ )S21'^ ) S21'^ )S7' S21'^)S21'^ ) 
_^6^3 _^25^5-j 

CI : Hzlhx^ -cifx^ c2lx^/^ -C7^°x^ cii^^^/^, -cl^^ c|x^ -cl^5/^ 

/• ™3 _a4„3 /-S „4 _a22„ /•5™8/3 _a29™2 /- ™5/2 _/-5™3 /-8 ™7/2 _a22„4 
^21-^ ) ^7-^ ) ',21-'' ! '521 ■^'S7''' 5 'b21''' yS2lJ^ i '57-t' j '521"^ ' '521-^ ' 
/^5™10/3 _a29™5 a ™2 a6™3 ™3 a22™7/2 a5™4 /-29™ „8/3 ™3 a8 ™5/2 
'b7-^ ! '521''' ! '521''' ! (,7^' ) S21'^ 5 S2I"'' 5^7''' ' ',21''') ^21-^ i J- j S,21'^ ) 
_a22™3 /-S _/'29™4 A „10/3 _/^8™3 /•8 ™2 _/-22™5/2 /•5™3 _/^29™7/2 A ™4 

S21"'' )S7) ^21-^ ) '521-t' ) S7'^ ) S21'*' ' S21'*' ) S7'*' ) S21'*' ) S21-*' ) 
_a9™3 a8 ™8/3 _a22™2\ 

ST"^ ) S2I''' ' S>21'^ / 
1^4 . 07^ 6 _/^26„4 /^19™2 _/^6^3 a5 „8/3 _/^19™3 M™10/3 _a26„5/2 

S7 ■ '^Z42\^7''^ 1 ',21 ) ',21 ' '57'^ ) S21 ' ^21 ) '57"^ ) ',21 ' 
Al9„4 _„3 a5 „7/2 _/-19™5 a4„3 _a26„ a19™5/2 _a8„3 a5 „2 _Al9™7/2 M„8/3 
(,21 J- , J- ! 's21-^ ) S21''' ) S?-^ ) '521-^) S21''' ! S?-^ ) '52I''' ) S2I''' 5 S7'^ ) 
_a26™3 a19™10/3 _a9™3 a5 ™4 _a19™2 a4 _a26™5 a19™3 „a10™3 a5 ™5/2 

S2l-^ ^S2l-'^' ' S7"'' ! '521'^ ! '521'^ !S7! '52I ! S21 ' S7 ! S2I-'' ' 
_Al9„4 a4„2 _a26™7/2 a19™8/3 _/'4™3 a5 ™10/3 _/^19™5/2 a4™4 _a26™2 a19™7/2 

S2I"'' ) S7''' ! '52I"'' )S21'^ ) S,7'^ ) S,21'*' ) S21'^ ) S,7'*' ' S21'*' ) S,21'*' ) 
_a5™3 a5 „3 _Al9™N 

S?''' ) S2I''' 5 S)21'''/ 

C7 ■ 'Hz42{C7X^ , "Cll^^) C2l2;^) "Cl-^^' Cll^^) "Cll^) C7) "Cll^^^^) C21^^''^) 

_/-9„3 /•17„3 _/-31„2 A „10/3 _Al7™7/2 a10™5/2 _a10™3 /•17™4 _/-31™3 /• „2 
S?-^ )S21''' ) S21-^ ) ST-^ ) 'b21''' 5^21''' 5 S7 )S21-^ ) S21''' ) S7-^ i 

_Al7™ Al0™7/2 _a4„3 a17™8/3 _/^31„4 a ™3 _Al7™2 a10™10/3 _/^5„3 Al7™5/2 
S,21'^) S,21'^ ) S,7''' )S21"'' ) '52I''' ) ^7-^ J ^21-^ ^S21-^ ) S,7''' )S21'^ ) 

_a31™5 a ™4 _Al7™3 Al0™2 _a6™3 a17™7/2 _a31™5/2 a ™8/3 _/"17™4 a10™3 
S,21'^ ) S?-^ ) S,21'^ )S,21'^ ) S7-*' )S,21'^ ) S,21'*' ) S?-*- ) S21'*' )S21'^ ) 

_„3 Al7™10/3 _/-31„7/2\ 
)S,21'^ ) S21'^ ) 



Non-principal 1-Harish-Chandra series 

"^634 (^3,3,3 [C3]) = ^G2&{'^^ ^1; C3) Cl) 

^034(^3,3,3 [C|]) = nc^M -1; 1, (3:^3, C|a;3) 

Hg,,{D,) = nGe,^A^', -Cl^', (32;, -1, Cix, -C3V; a;^ -1) 

^034(^33^) = ^Ze(^^ -C3', C3^', C3V, -CI) 

^034(^33 h^]) = 'Hz.ix^ -Cl Csx', -x\ Qx\ -CI) 

^G34(G33[-C3]) = nzS^\ -Qx\ C^X\ -1, Qx\ -CW) 

^G34(G33[-ci]) = nz,{x\ -cix, C3, Cl, -cia:) 



7 


Deg(7) 


Fr(7) 


* 




1 


1 


* 




2±^.Ta>;3^$f$8$'/^$'/^$^^$24$^'^$i'2 


1 


# 






1 


G3,3,3[C3] 




^^-^^X$f $2*4*5*7^85^103'l4<i?24 


C3 


* 


4>21,2 


^±^x2$fci>^3^7$'-$14$-$2,$^^$(j'^$42 


1 


# 


^21,4 


^^^X2$^3$f$7$i'^$14$i'5^21$'2'4^30*42 


1 


G3,3,3[C3] 




^^^a::2$3$3^^$^$^^g^^^^^^^2^^^2 


C3 


* 


4>56,3 


ix^$|3>^i>7«>10*14$18$21$30*42 
ia;3$7$8$9$i0$14$21^'24$304'42 
5a;^$5$7$8^14^15^18^21^24*42 


1 






1 




035,6 


1 
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7 


Deff(7) 


Fr(7) 




: 2 


^a;^$f$3$5$7$9$14$15$21^*42 


-1 


* 




6 3 ^0^6 ^/^o^9^iu^i2 ^ io ^ 18 21 ^ ou 


1 




^120,7 


3-v^^4^4^//3^^4^/ ^ ^////^ .$,.a>iod)'^ d)' (bqn(E>^o 
12 ^2^3 ^5^6 6 10 12 ^14^15^18^21^24^30^42 


1 


Ha 


9 


— 3+\/— 3 _4;t,4,t^4^//,is, ^/ /r. i\Jiii /r. /f./ /T./ 

a: sP^^Pg^Pg^Psy^g ^7^9<j>io^i2 ^^15^21*^24^30^42 


1 

— 1 


tJ3,3,3[S,3j 


: 03,1 


^X*<I>f<I>2<P3 $4^55'6 4'7*8*10*l2*144'l54'2l4'244'30*42 


C3 




015,16 


f .r4$;,'-''$5$^'''$8$g$10$'/f $14$15$18*21$24*30*42 


1 




015,14 


f .T4$:3-'$5$6^8$9*10*12^14$15$i8*21*24$30^42 


1 




0120,5 




1 


£'4 


: .2.... 


^2^a;4$t$4^^$5$6'^7$9*10*i'^$15$21$i'4$30$42 


-1 


G3,3,3[C3] 


:03,5 


^a;4$3$3$f $4$5*6^$7*8$10$l2*14^15$21^24*30*l2 


C3 


# 


0105,8 


^x4$^3^5$f $7$S$^'$10*12'^15$18*21*24$30$42 


1 


Cs, 3,3^1] 


01,12 


^a;'*$f$i$|$5$7$8*9^10*144'l5*'l8*21*24$30$42 


CI 


^3,3,3 [C3] 


02,15 


^a;4$f$|$4$5$|$7$8^10*14«'l5^183'30^42 


CI 


6-33 [- 


fs] ■■ 1 


^^a;4$f$|$|$4$5$7$8^9*10^14$15*21$30 


-CI 




090,6 


ia;4$3$5$3$j^$j(,$^2*l5*21*24$30$42 


1 


<-^3,3,3[C,3j 


01,24 


ia;4i>f$3$2^5$^$g$^/$^P$^^$^^$/Vg$^/^$24$30^42 


CI 




056,9 


|x'^$4$7$8^9*14*15^18^21^24*30*42 
5X^$3$g$73>8$12$14^15^21^24<I'30<I'42 
gX >i'3"±'gSf7>i'8^12^14^15^21^24^30^42 


1 


M. 
W 


0126,7 


1 




<?'126,5 


1 
± 




Iff 

970,9 


-f-x''$5$7$8*9*10*l2 *14*15*18*21$24*30*42 


1 


G3,3,3[C3] 


■ 03,4 


|x5$?$3$f $4$5$^3$7$8$10$12^14$i'^$21*24*g^$42 


C3 


<j'3,3,3[C3] 


03,17 


^X'5$f$^$^'^$44\55^j;^$7*8$10*12*14*15 4^2l5>2454)'*42 






070.9 


^x5$5$7$8*9$10$'i'f $14$i'5*18*21$24$30*42 


1 


G3.:i.,'![C|] 


0^,.13 


'\>4^'5$[r^*7$8$10$l2^'l4$L"*21*24$30^ 


CI 






^X^I''^I>^<I>;5''<I^4 5>r,<I';,''<I'7'I\s<I'lU<I'l2*14<I'l^^^ 


C3 


* 


0315,6 


ix'^$3^5$3$7$^Q$^2$^4$^5$21$24*30*42 


1 




'210,10 


ix6$!5-'^$5*f $7$8$9$10<2'^14$15*i8*21$^'4$30$42 


1 




0210,8 


ix6$f $5$6'*7$85'9$10$'i'f $14$15$18*21$^4$30$42 


1 






ixS^^j'-'^g^e *7*9*10*12 *14$15*i8*21*244'30«'42 


1 


(7-0 q Q K Q 

^ 0,0,0 LSoJ 


' (bo 


— X 'i']^ ^4 ^5 ^7 ^8 ^9 ^10 ^14^15 ^18 ^21 ^24 ^30 ^42 


S3 


^3,3,3 [C3] 


{htn ■, ^ 
r3,l6 


2 ^■|^^2^3 ^4^o^o ^/^o^ iU ^12 ^ 10 ^ ZL ^ 24 oU ^ 4z 


S3 


i 

T 


1 nt; in 


ix''$3'^$5$6^$7$9$10$i2^$14*15^18^21$24*30*42 


X 




03 20 


ix^$?<[>o$'Q^$4$t;$«'^$7$S$in$'l'9$14<&l «S$91 $9/l$3n$49 
Qtij I z o "i O o / o iU 12 -L^ 10 ^ 24 '5'.' t:-^ 


C? 

S3 


G'3,3,3[C3] 


: 02,9 


ix'5$f$^$|<I>5$7$8*9^'l0^'l4^'l5*i8*21$24'^'30'S42 


C3 




/7) A on "7 


^X''$!/^$5$<^$«^$7$S$n<5??o$14$'i'^$'i'Q$91$94<i?'^n<5?49 


1 




^336,10 


3-v^™7,f.4^//3;R4^/ ^ ;r ,f, , '^ , o'^ 1 1 '^ 1 1 '^3 L'^ 1 1 

12 ^2^3 ^6 ^6^7^8^10^12 ^14^15^18^21^24^30^42 


1 

i. 




1 1 


3 — V — 3 ^7^4^4/f,//^ ,T>' 3^ ^ ^ if\'lllif\ if\ rf\ rf\ /f\llllif\ 

^2 a; q?j5'3^3*5q>g *7y?8*9y?i2 *14*15*21*24*30 *42 


1 

— i 


<J3,3,3[t,3j 


■ 06,4 


^X'$J$^$3 «'4'±'53\; «'7«'8«'l0'i'l25'l4^'i5*21$24'I'30'^'42 


C3 




084,13 


— Co 7"r//3t9^/3t t t/t t9 t t t/ i ■ ■ //// t 

$1$^; *7*8*9*10*l2*14*15^18*21*24$30*42 


1 




084,17 


^^X^^Jj'^l^f $7*8$9*10*?2*14*15$i8*21$24*^'^*42 
5±^x7$f$'3'$^$^/$^$g$^Q$'^'^$^4$'^'^'$^g$21$24*30*42 


1 




0336,8 


1 






: 


1 1 


^±^x7$4$|$^$5*f *7$8*9$12*14$15$21$24$^,'^$42 


-1 


G3,3,3[C3] 


: 06,2 




C3 


# J 


>420,11 


^x7$(,^$l$5<'^$7$8$9$?2^14$15«'i8*21$24$30$42 


1 


<j'3,3,3[C3] 


01,33 


^X7$?$i$l$5$7$8$9*10$?2^14*15*'l8^21$24$^'^'*42 


^2 

S3 


G3,3,3[C3] 


02,24 


^x'^<I>f$^$4$5$|$7$8*10$14*18$21*24*30$42 


CI 


G33[-C| 




^^^X^$fi>|$|i>4^'5$7*8*9^10*14$15*21*24$42 


-CI 
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5X^$:^<I>|$g$7$8$^2*14*15^'21$24$30*42 
ia;^$?$^$|$5$7$8*9'5l0$?2*14*15*i8*21$24$30*42 



Deg(7) Fr(7) 



f504,9 



G3,3,3[C3] ■ 01,21 



CI 



# 



f384,8 
0384,11 

Gs3[i] : Cs 
G33[-i] : Cs 

0384,10 
0384,13 

GssW : Cf 

G33h*] : CI 

G3,3,3[C3] : 08,3 
G3,3,3[C3] : 0^,6 
G34[Cr2] 
<J34[-Cl2] 



3+V-3 



C8$5$f $2$5$^$8$10$?2*14*15*18$i'l$24$30$4 

^±^ar8$f$i$g$|$5$6'^7*8$9$?2^15^21$24$g^'$: 

$f$5$;,'$2$5$^3^7^g$g$2^$^5$2^$24*30*42 
^a;8$|$(,^$2$5$^/$8$10$?2*14$15*18*21^24«'30$42 



12 
12 



42 



3^^a;8$f$i$^$l$5*f$7$8*9$?2*15*21$24$g^$^; 



12 

3-\/=3 



42 



'-3^8 



<I>f$|$|$5$|$7$8$lO$|2*14*18*24*30 3'42 
^a;8$f$6^|$5$|$7$8*10*f2*14*18*24*30«'42 
^a;^$f$|$5$2^5$^$g$g$^Q$2^$^4$^5$2l5>24 
^a;^$f$^$|$|$5$7$8^9^10^12^14^15^21^24 



1 
1 

ia;i/2 
-ia;V2 
1 
1 

ia;V2 
-ia;i/2 

Cs 
Cs 

CJ2^^/' 



^70.9 



X^$5$7$8*10*14*15*21*24*30* 



42 



1x^$5$^$74>8^10«'l4«'l5*18^21$24$SO*42 
5a;^$i$5$7$8*10*12^14$15^18^21^24^S0^42 

ix9$l$5*7$8*9$10*?2*14*15*21$24$S0*42 
^xQ$|$|$5$7$8^9^10^14^15^21^24^30^42 



^560,9 
0140,12 

0420.12 

: .1....1 



^a;^"$5$7$9$10$i2*14^15*18^21^24^S0^42 



# 



9'S5,18 

^^315, 14 
i'315.10 



?: 



$i$5$6*7«'l0*?2*14*15*21<E'24*303>42 



$i$5«'6^'7*10*?2*14*15«'21«'24«'30$4 



'/^280,12 
G3,3,3[Cs] : 06,5 

^j's.s.slCl 



'?'6,10 
'280,12 



^a;l°$|$5i>7i>83'9«'l0$i2^$14*15^18^21^'24*30$42 
^a;10$?$i$^^$l$5$f $7*8$10*'l'2^$14$15$21*'24^S0$42 

=^a;i°$3$3$/^s^2$^^„s^^^^j^^^^^^„,2^^^^^^^^^^„^^^^^^^ 

^$14$15$18«'21*24^30$42 



^a;i"$|$,,$7*8$9$io$i2 

'3^ ^ ^////2; 



Gs,3,s[C|] : 0^,8 

G3,3,3[Cs] : 06.7 



S""2r 



^.xl0$3$3$;j'-^$2^5$^3$7$g$^0$'^'^'2$^^$^5$21$'24^S0$42 
:|^.xl°$f$i$f$l$5^6''^7^8^10^'/f ^14^15^21^^24^30^42 



ixl'^$«$«$9$22$i5$lg$21*24*30*42 



^2 
'.S 

1 

^2 
^S 

Cs 



# 



V'729,12 
^34^9] 

Gua] 

0729,14 
^34^9] 
G34K9] 

0729,10 
G34[C|] 
G34[C|] 



1.^10r 



$f$i$J,''$2^5$r'*7$8$9$10*12 $14*15*18$21^24*30*: 



42 
// 

42 

lxl0$6^6$g$2^$15$18$21$24«'30*42 

/ 

42 



1 ..,,10 



X^"$f$6$(j'*$l$54'f«'7$8*9*10«'l2'^14$i'^'$18$21^24^30*42 

ia;^°$|$|$9$?2*15*18^21$24^30*42 

i,Tl"$fi$«$f $2$,,$^^$7$8*9*10$i'f $14*;:^$18*2\*24*30*4^ 



^±^a;"$f $5$^^4>7$8^9*10«'l2^14$15$184'21$244'30$42 
^^^^a;^^$3^$5$g^$7$8^9^10*12*14$15^18^21*24^30^42 



1 

C|:r2/3 
1 



C9XV3 
1 

C|2;2/3 

C|xV3 



* 0630,11 

# 0630,13 
(j3,3,s[Cs] : 03,6 



$f$^$4$5$7$83'9<I'l0$14$15$18<i>21<i>24*.30 3*42 



'¥^¥^¥p7^8^10*?^^14$15*21 *24*.30 $42 
^$^^$|$5$^'^$7$8$9*10*12^$14*15$18$21$24$S0$42 
fa;"$f $l$5$6^*7$8$9*10$lf $14$15$i8^21$24$30$42 
^.t"$(,'^$5$^^$7$8$9*10*?2*14*15*18 ^21^24^30*42 
^X^^$5$2*4*5'S7$8$g3'lo3'l2^*14*15'&18*&21<I>24<I>30'^'42 
^$f$^<I>3^<I>|$5<I>g"''<I>7<I>8*10$l2^*14$15$21$24'S30*42 
^a:"$^'^$5$g'^$7$8$9$10$f2$14$15$18$21*24$30$42 



1 
1 

Cs 



# 



(Peso, 15 

0840,13 
0840,11 



l^-ll. 



f 210,17 
G3,3,3[C3] : 02,18 
G3,3,3[C|] : 06,13 
0210,13 



iCi^ll. 



1 
1 
1 
1 

Cs 

CI 
1 



SPLIT 
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7 


Deg(7) 


Fr(7) 


G3,3,3[C|]:<n 


^a;^^$f$^$3"^$|$5$6"^$7$8*10*12^*14*15*21$24$30^42 


CI 


G3,3,3[C3] : '/>2,12 


%a;"$?$i$l$5*7*8*9*10*l2^$14$15*i'8<&21*24*30*42 


C3 


* 4>2iaS2 


a;^^i>5$7$84'9*104'l4$15^18*21$24$30^42 


1 


* <f>%9&,12 

# '/'896.15 


ix^^$^$l$^$7$8^10^12^14^18^21$24$30*42 

ia;12$^$|$i$7$8$10$?2*14*18*21^'24$30$42 


1 

1 


G33W : 1 


l.xl2$5$5^2^5$,j.$g$g$2^$^^$^5$2i$24$42 




G33[-«] : 1 


^a:;^2$5'$i^$|$5$7$8*9*i2*14*15*21*24^42 


. 1 /o 

-ta;V2 




ia;^''$3<I>g$7$8<f9$lo4'f2*^'l4^'l5$21 $24^30^42 


i 


1 

'P33649 


-^a;^'^$|$3 $|<I>g $7$8'i'9*10'i'l2 *14'±'l5'±'l8'±'21 "±"24*30*42 


1 


<^756,14 
</'504,15 


-^X^-^^'-i $|$6 $7*8*9*10*12 *14*15*18*21*24*30*42 
gX 'i'2^3 ^6 ^7^10^12^14^15 ^18^21 ^24^^30^42 
— g— X "i'3 "±'4y:'g y:'7'±'8^9^10^12 ^14y^l5y^l8^21>'^24^30^42 


1 

1 
L 

1 
1 


'P33647 


-g^X 3>2*3 *6*6 y'75>8y'93*10y'l2 5>i4<I>i5<Pi8<P21 3'24y^305'42 


1 
i 


0105,20 


^a;"$;j^$5*f *7*8*9*10*?2*14*15*18*21*24*;i'^*42 


1 


<-^34[ S,3J 


g X M:']^'±'2'i'3'±'4'±'5'±'7^l'8^9^10^14^15^18^21^24^30^42 


S.3 


*J3,3,3l',3j • <?>3,13 


— g^a; 'l'i'i'2^3 ^4^5^6 ^7^8^10^12 ^14'±'l5Vl8^21^24 '±'30^42 


S3 




-1 T.13(f,4<T,4(f,/ ^ Si, , (P), ^<T)' <T)„, (f)„, (T)'" dS ,„ 
— X •±']^V3Sy3 Vs'i'g '±'7'±'9'±'io ^14^15^18^21^24^30^42 


1 

— 1 


<-^3.3,3[C3J • fPs.e 


Cs ^13,Tv3/TS6rR2/F, /f, ,R fIS' rT^ rT^''''2^ rfS rfS rfS rT^ rT^'^' rTi 
gS; >I>j<I>2l'4l'55'7l'8l'9'±'l0'±'l2 5>14<I>15<I>181'21 '±'24*30*42 


C3 


G33[-C3] : -C3 


-|2-a;^-^$j'$'^$|$3$4$5<I>g $7*8*9*10*12*14*15*21*24*30*42 


a4 
-C3 


'P945,16 


gX ^3 ^>5^>6 ^7^8^9^10^i2^14*i*i5^i*i8^21^24^30^42 


i 


G3,3,3[C3] : 06,8 


4^x"$?$^$;3'^$4*5*6*6*7*8*10*i2*14*i5*18*21*24*30*42 


C3 


Gi4[C|] 
* '?'840,13 


^X^-^$5$^^$|$5*7*8*9*10*12 *14*15*i8*21*24*30*42 
ix^'='$|$3 $5*1*6 *7*9*10*12 *14*15*18*21 *24*30*42 


cl 

1 


G3,3,3[C3] : 09,5 


_Ma;13$3$3$^' $|$5$^ $7$8*9*10*i2 *14*15 $21*24*30*42 


C3 


G'3,3,3[C|] : 08,9 


^a;"$f$f$l$5$|$7$8$9$10$14$i5*18*21*24*30*42 


Cl 


<P315,18 


ia;13$;^$5$j5$7$8$f 2*14*15*18*21*24*30*42 


1 

i 




^a;^"^$J$|$3 $5$g $7*8*9*12 *14*15*18*21*24*30*42 


-1 

— 1 


0420,14 


^a;"$^ $4$5$;i $7*8*9*12 *14$15*18*21$24$30*42 


1 


n, • 1 1 


1^13(T)4(T)5(T) fT^3(T) /R (T\ (^ .(TS^-dS^^ ff>^, d> „ ^ fF> . ^ 

gX V-|^"±'3'±'5Vg"±'7>±'9Vi2'l'l4^15^21^24^30^42 


1 

— 1 


0420,16 


— X >±'3 >±'4"±'5>±'g 'i'7>±'8^9 ^12 ^14^15^18^21^24^30^42 


1 

1 




C3 ^13/is4fis4/f,/ 2^ rf»"3^ ^ rFi"'2^ /F. /F. ^ ,T-. 
-g-X <I>i<I>35>3 3>53>g <I>7«>8*9*12 *14*15*l8*2l'P24*30*42 


1 

— 1 


0945,14 


1 'TIS,!,/ 6jii^//3 =[L ^ d), .d)""(l)' d)„, di„.di„„di.„ 
gX 4^3 V5"±'g "±'7W8<±'9'i'io^l'i2^14^15 ^^18^21^24^^30^42 


1 


<-^3, 3,311,3] • (Ps,9 


Ca T,13/I\3(R6/r)2/r) (T\4/F, (f,^/ (f),„<T), ,ff>""<fi. ,<fi„, d>' d)„„d),„ 
— X "i'j^>l'2*4*5'±'6*7*8*9'i'l0'i'l4'i'io '±'l8'±'21 *24*30*42 


^2 
S.3 


<J3,3,3K3j • 09,7 


— .T '±'i'±'2*3 *4*5*fi *7*P8*9*10*12 '±'14*15*21*24*30*42 


C3 


^ 0840,17 


iTl'^$^$'„'^$c$l$'/^$7$n$in$','A'^$i,l$'/^'$io$ni $o^$Qn$^n 

gX ^i^2^3 ^5^6 6 ^7^9^10^12 ^14^15^18^21^24^30^42 




'--^34L'53J 


^a;^^$?$S$?$«;$v$»$Q$in$'/A'^$i/i$'/c'$'/o$oi$o/f$'in$/io 
g O/ ^i^2^4^5^7^8^y^l0^12 ^14^15^18^21^24^30^42 


•53 


^3,3,3 LS>3J • V^6,4 


^a.Tl^$?$!^$o^$/i$.;$^$'/$'7$B$in$'/o$i^$'/^'$i«$oi $o,$'3n$/lo 
g O/ ^1^2 3 ^4^5 ^6 6 7^8 ^10 ^ 12 ^ 14^ 15 ^18 ^21 ^24 30^42 


S3 


fj) 1 n rr no 


— X^^$o^$.^$i®$7$S$n$in$?n$14$1«;$1S$91$94$'on'$49 


1 


'-?33[ C3] • ^Cs 


g ^ ^-|^'±'2^3^3^4^5^6 ^7^8^9^10^12^14^15^21^24 30 ^42 


S3 


G3,3,3[C3] • 08,12 


^x"$3$6$2$5$7$8$g$10$™2$14$15$18$21$24$^'^,'$42 


^2 
S.3 


D4 : -2... 


^a;13$4$4^f $5$^3$7$9$10$'/f $14$15$'/g$21$24$30*42 


-1 


G3,3,3[C3] : 0^',5 


%xl3$3$3$^/3^2$^$,3^^^^^^^^,„,2^^^^^__^^^^^^^^^^,„^ 


C3 


G34[-C|] 


f Xl3$6$3$4$2^j.$^$g$g$^g$^^$^^$/^$21$'2'4$30*42 


-Cl 


* 0630,14 


2^^^x"$^5^$5$6^$7$8$9$10$l2*14*15*18*21*24*30*42 


1 


# 0630,16 


5±^a;14$f $5$^^$7$8*9*10*12*14*15*18*21$24$30*42 


1 


^3,3,3^1] • 03,6 


^^^X^''$l$2$4$5$7$8$9$10$14$15$18$21$24$30$42 


^^2 
S3 


* 01280,15 


^xl'^$^$^$5$7$8$9$10$^2*15*18*21*24*30*42 


1 
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7 



Deg(7) Fr(7) 



G'3,3,3[C3] 
G3,3,3[C3] 
G3,3,3[C3] 



G3,3,3[C3] 



G34[l] 
9^540,21 

<?^540,21 
'^'20,33 
'^20,33 

"^120,21 
^1260,17 

0540.17 

^20,20 

: <11 



G33[— C3] : C3 



G3,3,3[C|] 



G: 



• ^3 

^'720. 16 

'6,4 

■CI 

'6.7 
2 
3 

01280,18 
G34[-l] 

0560,18 

D4 : .1.1... 

0560,18 
..1.1 



33 [ 



Di : 

G3,3,3[C3] 
G33[-C|] 
G3,3,3[C3] 

G33[-C3] : C; 



D 



4 : 



G3,3,3[C|] : 
G'3,3,3[C3] 



91260,19 
0540,19 

: ^li3 

09,7 



G3,3,3[C3] 
G3,3,3[C3] 



^^3,16 
09,10 
V^120.21 
G34[C7] 
G34[C?] 
G34[C7'] 
G34[C|] 
G34[C7'] 
G34[C?] 



42 



■^x'^^^^<i>l'S>r,^7<!>S^9'i^W^l2^14^15^1S<i>2l'^2i<i>30'^i2 
^a;154>|$5$^''^$7$8*9^10*12*14*15*18^21$24$30$42 
^a;15$|$5*6*'*75^84'9«>10^?2^14<&15*18*2l5>24*;i0*42 
ia;15$|$5<I>7$8'J'9$io4'?2^14^'l5^'l83'21*24«'30'S42 
ia;15$|$|$5$i*7$8$10«'?2^15^18*21$243'30^42 
ixl'"^$3$|$5$|$8'S9'Sl0$?2*14*15*21$24$30*42 
^a;l''^$?$^<I>3^$|<I>5$^"^$7$8$10'S?2*14*15*18*21*24*30*42 
^a:;l'^$?$^$^^$|$5$^'^<I>7$83'9^10$f2*143'l5^21*24$30*42 
^a;l''^$?$^$^j'^$|$5«'6^$7*8^10*?2*14*15*18*21$24$30$42 



-^a;^^$?$2^3^$4<I>5$e'^$7$8*9<&10*12*I'l4*15^'21*244'30* 



^42 



ia;l'^$|$|$5$|<I>8$10^'l2*14*15*183'21$24$30'S42 



^2^3 
6^ 

la;l'^$f$5$5$3$7$8$9$10$12$15*21$24$304'42 
ia;15$f$5$^j^$4$5$4$^'$7$g$^0$'^'^$^4$^5$^8$'2^$24$30*42 



■^$f$^$^('^$4$5^|*6*7^8^10^i'2*14*15*18*21*24«'30*42 
$f$i$|$^'$4$5$6^*7^8*9*10$12^14$15*21$24*30'S;2 
ia;l''^$|$^$5$i$8$10«'l2*14*15*18$21$24$30'S42 

^a;15$f$^$;5^$4$5*|$6*7«'8$10$l2^'l4$15$18$21*24$30$42 
$f<i>|$|$3<i)4$5$g^$7$8*I>9*I>10*I>'l2^14^15^21^24$30^4' 



S//3 



1 ^1 



,15 



^^15r 



42 



^a;15$f$l$f $4$5$^*6$7$8$10$12*14$15$18*21*24*30^42 

^a;15$f$^$|$^'$4$5$^^3>7$83'9*10^12^14$15^21$24$30*42 
ia;l^$|$l$5$|$8*9*10*14*15*18^21$24$30*42 



-gia;l^$f$|4>|$5$7$8*9*10*15*18$21$244'30* 



,15 



$4$5$6*6 *7$8«'9«'l0«'ir^l4*15*183'21*243'30*. 
^.Tl-'^$f$|$(j'^$5$7$8«'9^10^12^«'l4*15^18$21$24$30^' 



42 
^^42 



1^15. 



$|<I>5$|$^' $7$8*9^10^12 ^14^15^18*21*24^30^42 

^Xl5$f$^$(,^$,5$7«'8$9*10*12^*14*15*185'21$24*30*42 
ia;l^$|$|$5$^$73>83'l0*f2*15'I'l8*2l'I'24*30*42 
ia;^^$|$|$5$|$8*9*10*?2*14*15*21*24*30*42 



^15$3$3^;j''$2^5$^''^$7$g$^„$22$^4$^j5$^g$21$24*30*42 
g.^ $f$i$(j-^$|$5$^'-''$7$8*9*104>?2*144'l5*21*24$30$42 
ia;15$f$i$^'^$^$5*6^$7*8$10*?2*14*15*18$21*24*30$42 
ia;^^$?$i$3^$l$5$6^<I>7$8<I>9*10*?2*14*15*21*24*30*42 

ia;15i>|i>5$7$8*9*10*?2*14*15*18*21$24*30*42 

- " " - " 



R//3 



$f$^$|$|$5$|$8*9*10*?2*15*18$24$30 
xl5i)6$6$6^2^g$6^g$g$^Q$2^$^5$^g$24*30 
Xl5$6^6$6^2$5$6^g$g$^0$2_^$^5$^g$24$30 
a;15$6$6$|$2^5$6$g$g$^l^$2^$^g$^g$24$3o 
xl5i)6$6$6^2^g$6^g$g$^Q$2^$^5$jg$24$30 



^X^5j^f^i$|^l$5*6*8*9*10*12*15*18$24* 



30 



|?^lp>5$^$7$8*10*14*15*18*21*24*30*42 
ia;l^$l$5$7$8*10*12*14*15*18*21*24*30*42 
ia;^®$l$5$7$8*9$10$?2*14*15$2l'^'24'^'30*42 
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Deg(7) 1^(7) 
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D4, ■ ...11.. 


2.1; <I'55>7<I'8'±'l4l'l5'±'l8'±'2l5*24'P42 1 
ia;'^'^<f>f$|$5<f)7$9<i>14<i>15$21<l'42 -1 


* 021,68 
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G3,3,3[C3] • 01,9 
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Appendix B. Errata for |Spetsl| . 

• Proof of 1.17: this forgets the case of G{2e,e,2) with 3 classes 
of hyperplanes. This case is still open. 

• Page 184, generahzed sign: let be the eigenvalue of on 
the discriminant A. Then change the definition of to = 
(-l)''Ci . . . CrAg where r = dimV^. 

Most of the subsequent errata come from this, and are su- 
perceded by results in the current paper, see in particular 12.3.11 

• 3 lines below: {d, . . . ,(r} is the spectrum of wcp (in its ac- 
tion on V), and A^ = 1. In particular we have then = 
{—lydetviwcp). In general, if w0 is (^-regular then the spec- 
trum of w(f) is {CiC~'^^~^^} so detv{w(f)) = (i...(rC~^ j 

Eg = {-lYC^detv{w(f)). 

• Second line of 3.3: "Moreover, if there exists v(j) € W(f) such that 
v(j) admits a fixed point in ^— IJi^e^ then e-f = eQdetv{vw~^)* 

. 3.5: |G| = e^x^ 11.(1 - Qx'^) = x^^A^ U^i^"' - 0)- 

• 3.6 (i): |G| =x^A*^Yl^^''^'^\ 

• 3.6 (ii): \G\{l/x) = AleGX-^''^+^"+'^G\{xy. 

• 3.7 (Is. 2): (j)^"-'^ is the product of (1, 1, 0) acting on l^x ... x V 
by the a-cycle which permutes cyclically the factors V of V^"'^ 
The Ci for G^") are {CK/''"}j=o..a-i,i=i..r and A^(a) = Aq so 
|G(°)|(a;) = |G|(a;"). 

• 3.8: The Q for are C^'O and A^c = AgC^+^'' and thus we 
get |G^|(x) = C|G|(C"M- 

.4.9: Deg{Rt^)=tTRG{w<py. 

• 4.25, second equality: Deg(adetv) = AQ{-lYe}^x^'^'Deg^{a*){l/xy. 

• 4.26, first equality: Deg(det;^) = {-lyAGe^x^y 

• bottom of page 198: suppress the first |G|S'G(a). 

• last equality in proof of 5.3: suppress TG. 

• 5.4: In particular we have: 

BGx''^''^ = ej^x''^'^^ (mod*), 
A«4x^^(«) ^ A,5lx^^(^) (mod*), 

• 6.1(b): the polynomial in t 

j=0 
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